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1. INTRODUCTION

For jEN,={0}UN and z&C, the falling factorial
(z); and the rising factorial (z),
defined [1] by

(@), nw){

are respectively

2(z=1)--(z=j+1),
17

JEN;
Jj=0

M ] 2z Dz j-1), JEN;
and (z)j_g(z+e)_{ N io.

The (z); is also known as the
Pochhammer symbol in literature.

rising factorial

The partial Bell polynomials B;,, also known as the
Bell polynomials of the second kind, in combinatorics
can be defined [2, p. 134, Theorem A] by

J—k+1
B, (t,t,,...0t

z,e{O}uN
J—k+1

for j=zk€N,. In [3], Hoffman’'s and Gencev's
combinatorial identities were reformulated and
generalized in terms of the partial Bell polynomials
B,, . The identities and formulas

B, (abt,,ab’t,,....ab”™'t , ) =a"b'B, , (t,.1;,....t ), (1)
‘ J=1 1!
101 _ N jt
Bj,k(l.,z.,...,(] k+1)1) (k—l )k!, (2)
o[ J
i
Bj,k(tptz,-..,tj—kﬂ)zz / tl‘Bj—l!,k—f(O’IZ’t,%"'"tj_k,,l), (3)
=0
L Lo ]!
ijk(z 37 k42 _(j+k)!Bj+k,k(07t27t3,...,ti+])’ 4)
(Lk)!
ijk(o,o’.”’o’[/’o"' 70)=O7 €xcept B{k,k =Wtf’ (5)
and
B (t),ty 5 st 1)
kot
_ 3t Nh o ews 6
(j_k)!zof' ]k”(2 37 jel=2k+2" (6)
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B_M,(s, 1,8, F sS4 +tj_k+,)

Bv.K(Sl ,S2 o "sv—x+1)Bj—v,k—K (tl ’12 2 "tj—v—k+K+1 )’ (7)

33/

=0v=0

for j=k €N, can be found in [2, pp. 135-136] and [4].

The quantity on the right hand side of the formula (2) is
called the Lah number in combinatorics.

The identity (16) in [5, Remark 5] and the identity (2.16)
in [6, Remark 5] are seemingly wrong and conflict to
the identity (4). The identity (7) can be equivalently
written as

B (s +1,8, 1,8, 0+ i)

Blz,r(sl’SZ ""’sé—r+l)Bm v(t "tm—ﬁl)’

33/

r+s=k(+m=j

see [5, Example 54] and [6, Example 56].
In [7, Theorem 5.1] and [8, Section 3], the interesting

formula

B, (1,1,0,...,0)= )z“‘f', jzkEN,

1k
27 | -k

was derived. In [9, Remark 3.1], the formula

J-k
B, (1,1-7,(1-2)(1-22),...,| [A- £2))

Do, v kA

= 'E(—l)‘ H(f—qz) (8)
k! (=0 4 q=0

for j=k€N, and z€C was concluded. In [10,

Theorems 2.1 and 4.1], the formula (8) was proved to
be equivalent to

B (e )i = E( 1y ( ) )<zf>, (©)

for j=k€N, and z&€C. In [11, Remark 7], the
formulas (8) and (9) were equivalently rewritten as

J-k
B, (1,1-7,(1-2)(1-22),...,| [(- £2))

i, e k) 2
=(-1)z E;(—l)( , )( j ),z=0

8(j.k),z=0
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and

Bl )= 1 £ 1>( )[ ! J

for j=k €N, and z&€C, where the Stirling numbers of
the second kind S(j,k) can be analytically generated
[12] by

E Ly =25(j+k,k)z_

Z o jt+k i
k

In the proof of [13, Theorem 2.1], the author derived
the formula

k=0.

By (@) o{2are (), 4) = D5(0)S (0 ) (10)

for j=k €N, and z&€C, where the Stirling numbers of
the first kind s(j,i) can be generated [14, 15] by

J
(@), = Ys(ji)e

i=0
for z€C and jEN,. Replacing o by —a in (10) and
utilizing the relation

<_Z>j = (_l)j(z)j

give

B4 ((2)(2)y50 (D) 1) = D18, 12'S(E,K)

i=k

for j=k€N, and z&€C. These results and many

other things have been reviewed and surveyed in [13,
16].

In terms of the partial Bell polynomials B, , the famous

Faa di Bruno formula can be expressed [2, p. 139,
Theorem C] as

d’[foh®)] h(®)]

LRI 11
o ®) (11)

Ef“)(h(r))Bj RUIOREOM

for jEN,, where f and h are j-time differentiable

functions on an interval I. For the history and
developments of the Faa di Bruno formula (11), please
refer to the monograph [17] and closely related
references therein.

In this paper, in view of the Faa di Bruno formula (11)
and with the help of some identities for the partial Bell

129

polynomials B;, mentioned above, we differentiated

three composite functions

2
e‘"b, exp[—m;z‘u)], (secht)*
2u’t
for a,b,A,u,0a €R with u=0, established several

derivative formulas for them, and generalized the
formula (2) by
J!
K

2. DERIVATIVE FORMULAS OF THE FIRST
EXPONENTIAL FUNCTION

j-tk-1

jk(O LO,(0+DL(L+2)1,.. (j—k+1)!)=( o1

for j=zk€EN, and O0=</=<j-k+1.

At the website https://math.stackexchange.com/q/
3887532, the j th derivative of the exponential function

at

" was asked for. The first main result of this paper is
the following derivative formulas of the exponential

function e for abeER.

Theorem 1 Let ¢,b€ER and jEN,. Then the jth

alb

derivative of the exponential function e can be
computed by the explicit formula
djeatb eatb J P J . bk
— == Ya [ Y s(.Db'S K", (12)
dt/ tj k=0 i=k

where s(j,i) and S(i,k) represent the Stirling numbers
of the first and second kinds respectively.
Proof. This is a slightly modified version of the answer

by the author at the website https://math.
stackexchange.com/q/4656607.

By the Faa di Bruno formula (11) and the identity (1),

we obtain

die™
dr’

Lob
= Ee“’ B, (a{b),t"" ,a(b),t"? ...,

k=0

a<b>j—k+l tb_u_km)

emb Eakl‘hl\ IB,k(<b>1’<b>2’ <b>j—k+1)

k=0
for jE€N, . Further, utilizing the identity (10) results in

b .
J at J
d'e ab

ar ¢
k=0

akt™ fis(] Db'S3 k)

i=k

utb

= e—iak[is( J.D)b S LK)

J
)
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for jEN, . The derivative formula (12) is thus proved.

Corollary 1 For jEN, and a€R, we have

/ at
dd - Cljeut, (1 3)
1
e (kYo
dr’ Qty &k Jj-k
e i (1) 2j-k-1
. 2( Dfa*2(j-k)-171! _ 2,
dt’ 2/t 2(j-k)
dle” _ (- 1)’1'2’: -1
dr’ v LR k-1 )
de™ 2 (= 1) 1N cat k|l Jj+20-1 ) 1
e 1 1 —.
dr’ E( ) 2( y 1 j ]t“
(14)

Proof. In [13, Theorem 3.1], Qi and his coauthors

obtained
0
j=k )

Es(] )2'S(, k)——( _k )22k_j,
j-k

i=k

Es(j,i)l"S(i,k) =

i=k

Esu z)( ) S(ik) = (=)

i=k

[2(j-k)-1]!![

2j-k-1
2/'

2(j - k)

Jj+20-1

o

Esu D(=2)'S(i.k) = (- 1>f+” E( D'

i=k
j-1
k-1

for j=k€&N,. Substituting these identities into the

derivative formula (12) and simplifying result in those
derivative formulas between (13) and (14).

|

(19)

and

Esu D(=1)'S(i.k) = (- 1>ff

i=k

3. DERIVATIVE FORMULAS OF THE SECOND
EXPONENTIAL FUNCTION

At the websites https://math.stackexchange.com/q/
4902189 and https://mathoverflow.net/q/469595, the
J th derivative of the exponential function

130

f(t)=exp[- ],

At -

u
where A and u=0 are two real numbers, was asked
for.

Theorem 2 For jEN,, the jth derivative of the
function f(+) can be computed by any one of the
derivative formulas

a0y = _fgl_)z_SAk(_zt)j—k
2wt & 16)
. J- (=0 -0 LN
XE( / ]( k- )(k e
) (- ])] : }‘v;k 2k V' k-1 2jk-t (17
FOO= 1O e 2 s ,Eo(zm( o )t ,(17)
and
£ f(t)zj L 212( j ) Aok kb
= (18)

x g(—%)é[zs(k,i)(_l); SG.O1

i=(

where s(k,i) and S(i,/) stand for the Stirling numbers
of the first and second kinds.

Proof. We will supply several proofs of these three
derivative formulas.

First Proof of the Derivative Formula (16)

This proof is a slightly modified version of the answer

by the author at the website https://math.
stackexchange.com/q/4903130.
It is easy to see that we can write
At-u)y A :
hoy=In foy =201 - 2ot (19)
2u’t 2u t
Hence, its derivatives are
A Al
W)= —-==(-— 20
() 2 ) 2(t2 MZ) (20)
and
B (1) = (= 1)"“"?, KEN. 21)
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Making use of the identities (1) and (3), we arrive at

B, (W(@®) " (t),....h" ™" (1))

11 2! . !
= ijk(&(_z__z)’_&_ ( )/ )L M)
2t u

2t tj k+2

(j-k+1)!

1 1
2 k2 )

A 2!
= (—1)j A(5)A B_,-vk ([—2 - 3

e j LT 1, 2! i—k+1)!

:<—1>A’+k<5)k§j( 2 )(7——2>“B,_1,k_@<o,t—3,...,(ft_,_—k;)>
(=0

TN R s (020 (=k+1)!

:(_lw(z)kg( ) . B Q2 ok )
/=0

k

=(- 1)J+k( ) E( ; )(1_—) ijkJ(O,ZY,...,(j—k+1)!)

j+L

for j=k€N,. By the Faa di Bruno formula (11), we
obtain

ﬂ%ﬂ:i&“qgﬁmﬁ%mmﬁwwm»

(. )
- sy A 3[ 1 ot

o\ ! u
xB.i—f.k—/(O,zl,...,(j_k+1)!)

AQ) i J - '
2J‘u27t272}\'k( 2t) kE( Y, )MZ( 0(‘[‘2_[2)

(=0

xB.i—f.k—/(O,zl,...,(j_ k+1))

S@®) K -k J=k=-110G=-0! L2 ‘
— = A J= J
lem= ST 2]2 (-21) Z( , )[ 1 ](k [)' ()
for jEN, , where the derivation
B, 020 .(j-k+D)
_(j-0! 2131 (j+0-2k+2)!
G-k 7273 jri-2k+2
=U=O By (11,20 (j+ £ =2k +1)1)
(J k)! (22)
_G=DY j-k-1 (=K
(j=k)! (k=0)!

[ i-k-1 G0
k—0-1 )(k=0)!
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for k=¢ €N, used the identity (4) and the formula (2)

in sequence. The desired results (26) and (16) are thus
proved.

Second Proof of the Derivative Formula (16)

This proof is a slightly revised version of the answer by
the author at the website https://mathoverflow.net/q/
469670.

Making use of the identity (6), we obtain

B, (W(@®), " (t),....h" ™" (1))

h(j+(’—2/<+2) (t)
T l=2k+2

[h(U] WTﬂ hm@)

ol Al
E[(2u)]

(-kypow 2t
1A20 123! (=D)L (4 0-2k+2)!
XB_,-_k k-t (_55_;’__ FRERERD) " JH-2k+3
273254 je0-2k+22 1
R Ao (1)
= —[= G————H( ) —
( k)'% ) t2 /kZl
xB,, (11,20, (+ 0= 2k +1)!)
DT A | j-k=1|(j-k)!
= o P20 —
(j-k)'t R AR k=0-1 J(k=0)!
1)/+k J'(A)E j—k—l (l—i)[
1 k—0-1 u?

for j=kE€N,, where we used the identity (1) and the

formula (2). Further, by the Faa di Bruno formula (11),
we acquire

ﬂ%ﬂ:i&“qgﬁmﬁ%mmﬁ““m»

o GG A S
_e()g t.i+k kV(z) E( Y] )( J(l__)

(-1 k k 8 t’ 0
= - 1-—
=15 }j 2 ( )( )( el

f(f,)tz, ZA"( 21" "2(2)

| k-t G0,
k=0-1 )(k=0)!

2(1’—6)(

2 _t2)é
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for jEN, . The derivative formula (16) is thus proved
again.

First Proof of the Derivative Formula (17)
This proof is a slightly revised version of the answer by

the author at the website https://math.
stackexchange.com/q/4904046.

The function h(z) defined in (19) can be rewritten as

Accordingly, the function f(¢) can be reformulated as

(23)

By virtue of the Leibnitz rule for differentiation, with the
help of the Faa di Bruno formula (11), and in view of
the identity (1) and the formula (2), we arrive at

f“'>(t>=exp(&>2( / )[exp(— 701 “[exp( >]<“
u k=0 k

=eXP(&)E( / )exp(——t)(— =) [ex Xp(=> )](k’
u k=0 k

A A N Ao
= —_—t Ty
x5 )E( } )( 2
g Al Al A2 o A (k=C+1)!
Xgexp(—E;)Bw(Et—z,—E 3o (= l)k Mgw)
I A S R A
=exp( - Ztg( } )( 27
k ;\’ f(_l)k+é‘
id B, ,(11,2!,....(k=(+1)!
xg(z) B (k=C+1)))
J J - )I\+( k
= t J
f();k 22> E() (g )w
( 1) jI & )Lj_k ok 2k S (-1 [ k-1 2jok—t
—_— t
2Py %2’;( Zu g(zf)n -1

for jEN, . The derivative formula (17) is thus proved.
Second Proof of the Derivative Formula (17)
This proof is a slightly revised version of the answer by

the author at the website https://mathoverflow.net/q/
469805.
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In [18,
formula

S1iN(j) _ J e NY Jj-1 1
(@) =(-1)e E( 1)( )WW

was derived alternatively; see also [21, 22] and the
articles collected at the website https://qifeng618.
wordpress.com/2018/05/10/some-papers-related-to-
the-function-e1-x-and-the-lah-numbers/
https://qifeng618.wordpress.com/2018/05/10/some-
papers-related-to-the-function-e 1-x-and-the-lah-
numbers/ (accessed on 26 April 2024). From (24), it
follows that

19] and [20, Theorem 2.2], the derivative

JEN, (24)

altNG) — 1V ot o J-1 J_'L .
(") =(=D’e ga ( ol ]k!r-”“ JEN,. (25)
Taking a=—% in (25) gives
Aliw _ k=1 \k! 1
[eXP(_E;)] = l) Xp( )E(_ )( (-1 )Etkw’ kEN().

Therefore, in light of the Leibnitz rule for differentiation,
we obtain

fPm = [CXp( )exp(— A )](j)

t)exp(
AK[ Ao A

— — ——[ _——

eXP(M)gO( L )[CXP( o ) [exp( 2t)]

A »
= (—)E (——t)(— )’
exp u kzo( k Jexp

|
x(-1)' exp(———)E( (’; )%tl
RS S P IS 1 A PR N
=exp( -5 Ztg( } )( 27

( D' ! ?u“"k

21 2/t27

s

)t2j—k—f:

for jEN, . The proof of the derivative formula (17) is
proved again.
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Proof of the Derivative Formula (18)
This is a slightly revised version of the answer

announced at the website https://mathoverflow.net/
/469812 by the author.

Employing the expression (23), using the Leibnitz rule
for differentiation, and utilizing the derivative formula
(12) yield

. N A iy Al
f(”(t):exp(;);( ljc )[CXP(—FO]U k)[exp(—z;)]m

j Ar ]_k 1
)( ZMZ) t*

A ALY
___zt___)E J
u 2u 2t k

k=0
E(——) [Es(k D(=1)'SG, f)]i,

= f >2, vy E( J(—A)"“'zku“ﬂ”-“

k=0
S Ay . e ket
xg(—? [Zs(k,zx—l) SO

for jEN, . The derivative formula (18) is thus proved.
Third Proof of the Derivative Formula (17)

Taking the identity (15) into the formula (18) gives

100= 05 Z,E( ) ()2 e

k=0

O Ay K k=1 )

XZO( AT G

A ok 2k (M) [k
2 E(Zf)!!(f

=0

=D’'j!

2] 2/t27

_ L -1 2j-k-t
= f(t) E( B )t

for jEN,. The third proof of the derivative formula
(17) is complete.

Fourth Proof of the Derivative Formula (17)

By virtue of the Faa di Bruno formula (11), in view of
the derivatives in (20) and (21), and with assistance of
the identity (1), we derive

_A)»(] k+1)!

lj —k+2 )

(=1

d’ 4 A1 1. A20 A3
— f(= tzB.——— =22
dt,f() S( )H /,k(z(tz ST

Hz), =

133

J —1 J+k . 2 )
=f(t)2( Jfk (%) B_/._k(l-#,zz,y,...,(]-k+1)!)

for jEN. Taking s,=/! for /EN, t,=——, and
t,=0 for £=2 in(7) yields
2
k(l-—z 3., —k+1)))
u
k j . 2
=3y 7B, (11,2, (v =k + DB, (~—.0,...,0)
k=0v=0\ V J=v—k+Kk
o 7| v-1 v t?
:EE —B, ,,.(-—,0,...,0)
k=ov=0\ V k-1 )x! u m
k j . 2
-1 \vV e .
S8 7 et st
k=0v=0 v K_l K! Au
where we used the formulas (2) and (5).
The proof of Theorem 2 is complete.
Corollary 2 The partial Bell polynomials B, for
j=zkEN, satisfy
! i = J=k=1 1!
B, ,(0,2),....,(j-k+1)}) ( o1 R (26)

Proof. This is a rearrangement of the identity

j-k=1 (-0
k—t=1 )(k=0)!

Bj_(_k_[(O,Z!,...,(j—k+1)!):(

deduced from (22).

4. GENERALIZATION OF A FORMULA FOR
SPECIFIC PARTIAL BELL POLYNOMIALS

Comparing (2) with (26) motivates us to pose a
problem: What is the general and explicit formula of the
quantity

BM(O 0(13+1)' C+2),..,(j-k+1))

for j=k€EN, and 1sl=<j-k+1?

Theorem 3 For j=k€N, and O=/=<j-k+1,
partial Bell polynomials B;, satisfy the identity

the
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j! 1!
Bj,k(o" 'V”O’thl ’t€+2""’tj—k+]) = (_]— fk)!Bijvk((fq-l)!t“] 9
2! j—(C+1)k+1]!
(4290 [J ( ) ] [ff((+])k+f+l)’ (27)
(0+2)! [j=(L+Dk+C+1]

where we use the convention that B,_,, =0 for
({+1)k> jEN, . Consequently, the formula

Bu(00.(+ DL+ (j—k+1ﬂ)=( J-tk-1 )ﬂ(zs)

k-1 k!
isvalid for j=kE€N; and O0=</=<j-k+1.
Proof. The identity (4) can be reformulated as

g "
(-l ™2

Lo

L R p— LS )
3 j—2k+2)( )

B, 0.ty t55 0 ) =

for j=kE€N,. Taking #,=0 in (29) and applying (29)
give

Lok

B, (0,0,t,....1 e
00 j-2k+2

stk )=

J! :
B._ . 0,2,
G-t 07

(J k)' Z, tj—3k+3

Ji
3-4””Xj-3k+2xj-3k+3f

=(J

L33

U -3k+2)(j-3k+3)

- J L 1
(J-2k)!

’2“(23 3-47

for j=k €N, . Inductively, we conclude that

]k(O t

/+1 SV 420 "tj7k+l)

j!
" (G- th)!

t/,’+l ZMZ

23 (0+1) 34 (042) 7

i (rtykerat

[j-(+Dk+2][j-(L+1D)k+3]--
J! 1, 2!t

( (41 (42
) Dtk > (IR}

=(j—fk). L+ (L+2)!

B,

-[j—((+1)k+€+1])
[j_('€+1)k+1]!tj7(£+])k+/:+l
[j-(l+Dk+0+1]!

for j=k€N, and 1=/=<j-k+1.
thus proved.

The identity (27) is

Taking 7, =/! in (27), simplifying, and employing the
formula (2) lead to

ka L0+ DLE+ DL (= k+ 1)

i
J: (11,21,

m -tk (C+Dk+1]Y)

L=

134

! j=lk=1 \(j-"lk)!
G-t k-1 k!

I

for j=k€N, and 1=s/=<j-k+l.
thus proved.

j—tk-1
k-1

The formula (28) is

Remark 1 Letting /=0,1 in the formula (28) reduces to

(2) and (26). So we can say that the formula (28) is a
generalization of the formulas (2) and (26).

Remark 2 The formula (27) is a recovery of Excercise
7in [4, p. 450].

5. DERIVATIVE FORMULA FOR REAL POWER OF
HYPERBOLIC SECANT FUNCTION

At the website https://math.stackexchange.com/q/
j

4219124, a clean formula for %sechzt was asked for.
t

We now recite an answer by the author at the website
https://math.stackexchange.com/q/4249446 as follows.

Theorem 4 For « €R and jEN,, we have

d’[secht)’] & j | i
dlj _E( k )O{

k=0

k
*2<-a),2k“3(k,4)(sinhz +cosht) sech™',

/=0

(30)

where S(k,/) stands for the Stirling numbers of the
second kind and (-a), is the falling factorial.

Proof. This is a slightly modified version of the answer
posted at https://math.stackexchange.com/q/4249446
by the author.

The hyperbolic secant function secht is defined [23, p.
83] by

2 2¢e'
sechf = ——= 5
e +e l+e

Then, when setting h=h{)=1+e", by virtue of the
Leibnitz rule for differentiation and the Faa di Bruno

formula (11), we obtain
d e
dtf (1+e)”

d’[(secht)” 1_
dr’

ZZaE( ].i )(ear)(j—k)[(l+e2t)—a](k)

k=0
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J . k
=223 o e N ) B (@) (1), h 0
k=0 k (=0
S| T |t )
- 2&2 k a]—kealz a+£/ B (2621 ’22 eZt . .,2(/(_[+1)62t)
(=0

ay ) 2¢e’"B, (1,1,....,1)

a+[

j—k
a’e

k
fw(

2(z+k (a+20)t

I
N

) s »
(k)a Esac D)

)a+/

x~
Il
=]

k
ch—k Es(k’€)<_a>;2k4(sinht + COSht)[ sechawt

(=0

k=0

for a €R . The derivative formula (30) is thus proved.

Remark 3 Taking a=2 in the formula (30) yields the
derivative formula

d’[(secht)*]
dr’

k=0 /=0

Jj . k
=E( J )2(-1)"(“1)!2f-’5(k,e)(sinhz+cosht)’sech’+2z

website
is thus

for j€EN,. The problem at the

https://math.stackexchange.com/q/4219124
solved.

Remark 4 In [24, 25, 26], among other things, the nth
derivative formula of the function sechr was
alternatively computed, which is a special case a =1 of
the formula (30).

6. CONCLUSIONS

In this paper, in view of the Faa di Bruno formula (11)
and with the help of some identities for the partial Bell
polynomials B, , we differentiated three composite

functions

ath

e, expl- , (sechr)”

At - u)]
2u’t
for a,b,A,u,0a €ER with u=0, established several

derivative formulas for them, and generalized the
formula (2) by
J!
K

j-tk-1

jk(O LO,(0+DL(L+2)1,.. (j—k+1)!)=( o1

for j=zk€EN, and O=</=<j-k+1.
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