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1. INTRODUCTION 

For  j ! ! 0 = {0}"!  and  z !! , the falling factorial 
!z" j  and the rising factorial (z) j  are respectively 
defined [1] by  

 

!z" j =
!=0

j#1

$(z# !) =
z(z#1)"(z# j +1), j % #;

1, j = 0

&
'
(

)(
 

and 
 

(z) j =
!=0

j!1

"(z+ !) =
z(z+1)"(z+ j !1), j # #;

1, j = 0.

$
%
&

'&
 

The rising factorial (z) j  is also known as the 
Pochhammer symbol in literature.  

The partial Bell polynomials Bj ,k , also known as the 
Bell polynomials of the second kind, in combinatorics 
can be defined [2, p. 134, Theorem A] by  

 

Bj ,k (t1,t2,…,t j!k+1) =
1"i" j!k+1,
!i#{0}$",

i=1

j!k+1

% i!i= j ,

i=1

j!k+1

% !i=k

% j!

i=1

j!k+1

&! i! i=1

j!k+1

& (ti
i!
)!i  

for  j ! k " ! 0 . In [3], Hoffman’s and   Gen
!
cev's  

combinatorial identities were reformulated and 
generalized in terms of the partial Bell polynomials 
Bj ,k . The identities and formulas  

 Bj ,k (abt1,ab
2t2,…,ab j!k+1t j!k+1) = a

kb jBj ,k (t1,t2,…,t j!k+1),    (1) 

 
Bj ,k (1!,2!,…,( j ! k +1)!) = j !1

k !1

"

#
$$

%

&
''
j!
k!
,         (2) 

 
Bj ,k (t1,t2,…,t j!k+1) =

!=0

k

" j
!

#

$
%%

&

'
((t1
!Bj!!,k!!(0,t2,t3,…,t j!k+1),      (3) 

 
Bj ,k (

t2
2
, t3
3
,…,

t j!k+2
j ! k + 2

) = j!
( j + k)!

Bj+k ,k (0,t2,t3,…,t j+1),      (4) 

 
Bj ,k (0,0,…,0,t!,0,…,0) = 0, except B!k ,k =

(!k)!
k!(!!)k

t!
k ,    (5) 

and  

 Bj ,k (t1,t2,…,t j!k+1)  

 
= j!
( j ! k)! !=0

k

" t1
!

!!
Bj!k ,k!!(

t2
2
, t3
3
,…,

t j+!!2k+2
j + !! 2k + 2

),        (6) 

 Bj ,k (s1 + t1,s2 + t2,…,s j!k+1 + t j!k+1)  

 
=

!=0

k

"
#=0

j

" j
#

$

%
&&

'

(
))B# ,! (s1,s2,…,s#*!+1)Bj*# ,k*! (t1,t2,…,t j*#*k+!+1), (7) 

for  j ! k " ! 0  can be found in [2, pp. 135-136] and [4]. 
The quantity on the right hand side of the formula (2) is 
called the Lah number in combinatorics.  

The identity (16) in [5, Remark 5] and the identity (2.16) 
in [6, Remark 5] are seemingly wrong and conflict to 
the identity (4). The identity (7) can be equivalently 
written as  

 Bj ,k (s1 + t1,s2 + t2,…,s j!k+1 + t j!k+1)  

 
=

r+s=k
!

!+m= j
! j

!

"

#
$$

%

&
''B!,r (s1,s2,…,s!(r+1)Bm,s (t1,t2,…,tm(s+1),  

see [5, Example 54] and [6, Example 56].  

In [7, Theorem 5.1] and [8, Section 3], the interesting 
formula  

 
Bj ,k (t,1,0,…,0) = 1

2 j!k
j!
k!

k
j ! k

"

#
$$

%

&
''t
2k! j , j ( k ) ! 0  

was derived. In [9, Remark 3.1], the formula  

 
Bj ,k (1,1! z,(1! z)(1! 2z),…,

!=0

j!k

"(1! !z))  

 
= (!1)

k

k! !=0

k

"(!1)! k
!

#

$
%

&

'
(
q=0

j!1

)(!! qz)          (8) 

for  j ! k " ! 0  and  z !!  was concluded. In [10, 
Theorems 2.1 and 4.1], the formula (8) was proved to 
be equivalent to  

 
Bj ,k (!z"1,!z"2,…,!z" j#k+1) =

(#1)k

k! !=0

k

$(#1)! k
!

%

&
'

(

)
*!z!" j        (9) 

for  j ! k " ! 0  and  z !! . In [11, Remark 7], the 
formulas (8) and (9) were equivalently rewritten as  

 
Bj ,k (1,1! z,(1! z)(1! 2z),…,

!=0

j!k

"(1! !z))  

 
= (!1)k z j j!

k! !=0

k

"(!1)! k
!

#

$
%

&

'
(
! / z
j

#

$
%%

&

'
((,z ) 0  

S( j,k),z = 0  
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and  

 
Bj ,k (!z"1,!z"2,…,!z" j#k+1) = (#1)

k j!
k! !=0

k

$(#1)! k
!

%

&
'

(

)
*

z!
j

%

&
''

(

)
**  

for  j ! k " ! 0  and  z !! , where the Stirling numbers of 
the second kind S( j,k)  can be analytically generated 
[12] by  

(e
z !1
z
)k =

j=0

"

#S( j + k,k)
j + k
k

$

%
&&

'

(
))

z j

j!
, k * 0.  

In the proof of [13, Theorem 2.1], the author derived 
the formula  

 
Bj ,k (!z"1,!z"2,…,!z" j#k+1) =

i=k

j

$s( j,i)ziS(i,k)       (10) 

for  j ! k " ! 0  and  z !! , where the Stirling numbers of 
the first kind s( j,i)  can be generated [14, 15] by  

!z" j =
i=0

j

#s( j,i)zi  

for  z !!  and  j ! ! 0 . Replacing !  by !"  in (10) and 
utilizing the relation  

!"z# j = ("1)
j (z) j  

give  

 
Bj ,k ((z)1,(z)2,…,(z) j!k+1) =

i=k

j

" | s( j,i) | ziS(i,k)  

for  j ! k " ! 0  and  z !! . These results and many 
other things have been reviewed and surveyed in [13, 
16].  

In terms of the partial Bell polynomials Bj ,k , the famous 
Faá di Bruno formula can be expressed [2, p. 139, 
Theorem C] as  

 

d j[ f !h(t)]
dt j

=
k=0

j

!f (k ) (h(t))Bj ,k ( "h (t), ""h (t),…,h( j#k+1)(t))    (11) 

for  j ! ! 0 , where f  and h  are j -time differentiable 
functions on an interval I . For the history and 
developments of the Faá di Bruno formula (11), please 
refer to the monograph [17] and closely related 
references therein.  

In this paper, in view of the Faá di Bruno formula (11) 
and with the help of some identities for the partial Bell 

polynomials Bj ,k  mentioned above, we differentiated 
three composite functions  

eat
b
, exp[! "(t !µ)

2

2µ 2t
], (secht)#  

for  a,b,!,µ," # !  with µ ! 0 , established several 
derivative formulas for them, and generalized the 
formula (2) by  

 
Bj ,k (0,…,0

!
" #$ %$ ,(!+1)!,(!+ 2)!,…,( j ! k +1)!) = j ! !k !1

k !1

"

#
$$

%

&
''
j!
k!

 

for  j ! k " ! 0  and  0 ! ! ! j " k +1 . 

2. DERIVATIVE FORMULAS OF THE FIRST 
EXPONENTIAL FUNCTION 

At the website https://math.stackexchange.com/q/ 
3887532, the j th derivative of the exponential function 

eat
m

 was asked for. The first main result of this paper is 
the following derivative formulas of the exponential 
function eat

b
 for  a,b ! ! . 

Theorem 1 Let  a,b ! !  and  j ! ! 0 . Then the j th 

derivative of the exponential function eat
b

 can be 
computed by the explicit formula  

d jeat
b

dt j
= e

atb

t j k=0

j

!ak[
i=k

j

!s( j,i)biS(i,k)]t bk ,       (12) 

where s( j,i)  and S(i,k)  represent the Stirling numbers 
of the first and second kinds respectively.  

Proof. This is a slightly modified version of the answer 
by the author at the website https://math. 
stackexchange.com/q/4656607.  

By the Faá di Bruno formula (11) and the identity (1), 
we obtain  

 

d jeat
b

dt j
=

k=0

j

!eat
b
Bj ,k (a"b#1t

b$1,a"b#2 t
b$2,…,a"b# j$k+1t

b$( j$k+1) )  

 
= eat

b

k=0

j

!aktbk" jBj ,k (#b$1,#b$2,…,#b$ j"k+1)  

for  j ! ! 0 . Further, utilizing the identity (10) results in  

d jeat
b

dt j
= eat

b

k=0

j

!aktbk" j
i=k

j

!s( j,i)biS(i,k)  

= e
atb

t j k=0

j

!ak[
i=k

j

!s( j,i)biS(i,k)]t bk  



Journal of Basic & Applied Sciences, 2024, Volume 20 

 

130 

for  j ! ! 0 . The derivative formula (12) is thus proved.  

Corollary 1 For  j ! ! 0  and  a ! ! , we have  

d jeat

dt j
= a jeat ,          (13) 

d jeat
2

dt j
= eat

2 j!
(2t) j k=0

j

!ak

k!
k
j " k

#

$
%%

&

'
(((2t)

2k ,  

d jea t

dt j
= ea t (!1) j

2 j t j k=0

j

"(!1)k ak[2( j ! k)!1]!!
2 j ! k !1
2( j ! k)

#

$
%
%

&

'
(
(t

k /2 ,  

d jea/t

dt j
= ea/t (!1)

j j!
t j k=0

j

"ak

k!
j !1
k !1

#

$
%%

&

'
((
1
t k
,  

 

d jea/t
2

dt j
= ea/t

2 (!1) j j!
t j k=0

j

"(!1)k a
k

k!
[
!=0

k

"(!1)! k
!

#

$
%

&

'
(

j + 2!!1
j

#

$
%
%

&

'
(
(]
1
t 2k
.

           (14) 

Proof. In [13, Theorem 3.1], Qi and his coauthors 
obtained  

i=k

j

!s( j,i)1i S(i,k) = 0
j " k

#

$
%%

&

'
((,  

i=k

j

!s( j,i)2i S(i,k) = j!
k!

k
j " k

#

$
%%

&

'
((2

2k" j ,  

i=k

j

!s( j,i)(1
2
)i S(i,k) = ("1) j+k [2( j " k)"1]!!

2 j

2 j " k "1
2( j " k)

#

$
%
%

&

'
(
(,  

 i=k

j

!s( j,i)("2)i S(i,k) = ("1) j+k j!
k! !=0

k

!("1)! k
!

#

$
%

&

'
(

j + 2!"1
j

#

$
%
%

&

'
(
(,  

and  

i=k

j

!s( j,i)("1)i S(i,k) = ("1) j j!
k!

j "1
k "1

#

$
%%

&

'
((       (15) 

for  j ! k " ! 0 . Substituting these identities into the 
derivative formula (12) and simplifying result in those 
derivative formulas between (13) and (14).  

3. DERIVATIVE FORMULAS OF THE SECOND 
EXPONENTIAL FUNCTION 

At the websites https://math.stackexchange.com/q/ 
4902189 and https://mathoverflow.net/q/469595, the 
j th derivative of the exponential function  

f (t) = exp[! "(t !µ)
2

2µ 2t
],  

where !  and µ ! 0  are two real numbers, was asked 
for. 

Theorem 2 For  j ! ! 0 , the j th derivative of the 
function f (t)  can be computed by any one of the 
derivative formulas  

 

f ( j ) (t) = f (t)
2 jµ 2 jt 2 j k=0

j

!" k (#2t) j#k

$
!=0

k

! j
!

%

&
''

(

)
**

j # k #1
k # !#1

%

&
''

(

)
**
( j # !)!
(k # !)!

µ 2( j#!) (µ 2 # t 2 )!,

(16) 

 
f ( j ) (t) = f (t) (!1)

j j!
2 jµ 2 jt 2 j k=0

j

" # j!k

( j ! k)!
2kµ 2k

!=0

k

" (!#)!

(2!)!!
k !1
!!1

$

%
&

'

(
)t 2 j!k!!, (17) 

and  

 

f ( j ) (t) = f (t) 1
2 jµ 2 jt 2 j k=0

j

! j
k

"

#
$$

%

&
''(())

j(k2kµ 2kt 2( j(k )

*
!=0

k

!(( )2 )
![

i=!

k

!s(k,i)((1)i S(i,!)]t k(!,

   (18) 

where s(k,i)  and  S(i,!)  stand for the Stirling numbers 
of the first and second kinds.  

Proof. We will supply several proofs of these three 
derivative formulas.  

First Proof of the Derivative Formula (16) 

This proof is a slightly modified version of the answer 
by the author at the website https://math. 
stackexchange.com/q/4903130.  

It is easy to see that we can write  

h(t) = ln f (t) = ! "(t !µ)
2

2µ 2t
= "
2µ 2

(2µ ! t ! µ
2

t
).      (19) 

Hence, its derivatives are  

!h (t) = "
2µ 2

(µ
2

t 2
#1) = "

2
( 1
t 2
#
1
µ 2
)        (20) 

and  

 
h(k+1)(t) = (!1)k "

2
(k +1)!
t k+2

, k # !.        (21) 
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Making use of the identities (1) and (3), we arrive at  

 Bj ,k ( !h (t), !!h (t),…,h( j"k+1)(t))  

 
= Bj ,k (

!
2
( 1
t 2
"
1
µ 2
)," !
2
2!
t 3
,…,("1) j"k !

2
( j " k +1)!
t j"k+2

)  

 
= (!1) j+k ("

2
)k Bj ,k (

1
t 2
!
1
µ 2
, 2!
t 3
,…, ( j ! k +1)!

t j!k+2
)  

 
= (!1) j+k ("

2
)k
!=0

k

# j
!

$

%
&&

'

(
))(
1
t 2
!
1
µ 2
)!Bj!!,k!!(0,

2!
t 3
,…, ( j ! k +1)!

t j!k+2
)  

 
= (!1) j+k ("

2
)k
!=0

k

# j
!

$

%
&&

'

(
))(
1
t 2
!
1
µ 2
)!
Bj!!,k!!(0,2!,…,( j ! k +1)!)

t j+k!2!
 

 
= (!1) j+k ("

2
)k 1
t j+k !=0

k

# j
!

$

%
&&

'

(
))(1!

t 2

µ 2
)!Bj!!,k!!(0,2!,…,( j ! k +1)!)  

for  j ! k " ! 0 . By the Faá di Bruno formula (11), we 
obtain  

 
f ( j ) (t) =

k=0

j

!eh(t )Bj ,k ( "h (t), ""h (t),…,h( j#k+1)(t))  

 
= f (t)

k=0

j

!("1) j+k (#2 )
k 1
t j+k !=0

k

! j
!

$

%
&&

'

(
))(1"

t 2

µ 2
)!  

 !Bj"!,k"!(0,2!,…,( j " k +1)!)  

 
= f (t)
2 jµ 2 jt 2 j k=0

j

!" k (#2t) j#k
!=0

k

! j
!

$

%
&&

'

(
))µ

2( j#!) (µ 2 # t 2 )!  

 !Bj"!,k"!(0,2!,…,( j " k +1)!)  

 
!1cm = f (t)

2 jµ 2 jt 2 j k=0

j

"# k (!2t) j!k
!=0

k

" j
!

$

%
&&

'

(
))

j ! k !1
k ! !!1

$

%
&&

'

(
))
( j ! !)!
(k ! !)!

µ 2( j!!) (µ 2 ! t 2 )!  

for  j ! ! 0 , where the derivation  

 

Bj!!,k!!(0,2!,…,( j ! k +1)!)

= ( j ! !)!
( j ! k)!

Bj!k ,k!!(
2!
2
, 3!
3
,…, ( j + !! 2k + 2)!

j + !! 2k + 2
)

= ( j ! !)!
( j ! k)!

Bj!k ,k!!(1!,2!,…,( j + !! 2k +1)!)

= ( j ! !)!
( j ! k)!

j ! k !1
k ! !!1

"

#
$$

%

&
''
( j ! k)!
(k ! !)!

= j ! k !1
k ! !!1

"

#
$$

%

&
''
( j ! !)!
(k ! !)!

     (22) 

for  k ! !" " 0  used the identity (4) and the formula (2) 
in sequence. The desired results (26) and (16) are thus 
proved. 

Second Proof of the Derivative Formula (16) 

This proof is a slightly revised version of the answer by 
the author at the website https://mathoverflow.net/q/ 
469670.  

Making use of the identity (6), we obtain  

 Bj ,k ( !h (t), !!h (t),…,h( j"k+1)(t))  

 
= j!
( j ! k)! !=0

k

"[ #h (t)]!

!!
Bj!k ,k!!(

##h (t)
2
, ###h (t)
3
,…, h

( j+!!2k+2)(t)
j + !! 2k + 2

)  

 
= j!
( j ! k)! !=0

k

" 1
!!
[#
2
( 1
t 2
!
1
µ 2
)]!  

 
!Bj"k ,k"!("

1
2
#
2
2!
t 3
, 1
3
#
2
3!
t 4
,…, ("1)

j+!"2k+1

j + !" 2k + 2
#
2
( j + !" 2k + 2)!

t j+!"2k+3
)  

 
= j!
( j ! k)! !=0

k

" 1
!!
[#
2
( 1
t 2
!
1
µ 2
)]!(#

2
)k!! (!1)

j!k

t j+k!2!
 

 !Bj"k ,k"!(1!,2!,…,( j + !" 2k +1)!)  

 
= (!1)

j!k

( j ! k)!
j!
t j+k

("
2
)k
!=0

k

# 1
!!
(1! t

2

µ 2
)! j ! k !1

k ! !!1

$

%
&&

'

(
))
( j ! k)!
(k ! !)!

 

 
= (!1)

j+k

t j+k
j!
k!
("
2
)k
!=0

k

# k
!

$

%
&

'

(
)

j ! k !1
k ! !!1

$

%
&&

'

(
))(1!

t 2

µ 2
)!  

for  j ! k " ! 0 , where we used the identity (1) and the 
formula (2). Further, by the Faá di Bruno formula (11), 
we acquire  

 
f ( j ) (t) =

k=0

j

!eh(t )Bj ,k ( "h (t), ""h (t),…,h( j#k+1)(t))  

 
= eh(t )

k=0

j

! ("1) j+k

t j+k
j!
k!
(#
2
)k
!=0

k

! k
!

$

%
&

'

(
)

j " k "1
k " !"1
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%
&&

'

(
))(1"

t 2

µ 2
)!  

 
= f (t) j!

t 2 j k=0

j

! ("1) j"k

k!
(#
2
)k t j"k

!=0

k

! k
!

$

%
&

'

(
)

j " k "1
k " !"1

$

%
&&

'

(
))(1"

t 2

µ 2
)!  

!!
"

#
$$
%

&
' (( '

!!

j
t

t
tf k

kjk
j

k
jjj
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22 )2(

2
)(= )
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!
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#

$
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&

'
((
( j " !)!
(k " !)!

µ 2( j"!) (µ 2 " t 2 )!  
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for  j ! ! 0 . The derivative formula (16) is thus proved 
again. 

First Proof of the Derivative Formula (17) 

This proof is a slightly revised version of the answer by 
the author at the website https://math. 
stackexchange.com/q/4904046.  

The function h(t)  defined in (19) can be rewritten as  

h(t) = !
µ
"

!
2µ 2

t " !
2
1
t
.  

Accordingly, the function f (t)  can be reformulated as  

f (t) = exp(!
µ
)exp(" !

2µ 2
t)exp(" !

2
1
t
).       (23) 

By virtue of the Leibnitz rule for differentiation, with the 
help of the Faá di Bruno formula (11), and in view of 
the identity (1) and the formula (2), we arrive at  

f ( j ) (t) = exp(!
µ
)
k=0

j

" j
k

#

$
%%

&

'
(([exp()

!
2µ 2

t)]( j)k )[exp() !
2
1
t
)](k )  

= exp(!
µ
)
k=0

j
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for  j ! ! 0 . The derivative formula (17) is thus proved. 

Second Proof of the Derivative Formula (17) 

This proof is a slightly revised version of the answer by 
the author at the website https://mathoverflow.net/q/ 
469805.  

In [18, 19] and [20, Theorem 2.2], the derivative 
formula  
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was derived alternatively; see also [21, 22] and the 
articles collected at the website https://qifeng618. 
wordpress.com/2018/05/10/some-papers-related-to-
the-function-e1-x-and-the-lah-numbers/ 
https://qifeng618.wordpress.com/2018/05/10/some-
papers-related-to-the-function-e1-x-and-the-lah-
numbers/ (accessed on 26 April 2024). From (24), it 
follows that  
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Therefore, in light of the Leibnitz rule for differentiation, 
we obtain  
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for  j ! ! 0 . The proof of the derivative formula (17) is 
proved again. 
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Proof of the Derivative Formula (18) 

This is a slightly revised version of the answer 
announced at the website https://mathoverflow.net/ 
q/469812 by the author.  

Employing the expression (23), using the Leibnitz rule 
for differentiation, and utilizing the derivative formula 
(12) yield  
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for  j ! ! 0 . The derivative formula (18) is thus proved. 

Third Proof of the Derivative Formula (17) 

Taking the identity (15) into the formula (18) gives  
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for  j ! ! 0 . The third proof of the derivative formula 
(17) is complete. 

Fourth Proof of the Derivative Formula (17) 

By virtue of the Faá di Bruno formula (11), in view of 
the derivatives in (20) and (21), and with assistance of 
the identity (1), we derive  
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where we used the formulas (2) and (5).  

The proof of Theorem 2 is complete.  

Corollary 2 The partial Bell polynomials Bj ,k  for 

 j ! k " ! 0  satisfy  
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Proof. This is a rearrangement of the identity  
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deduced from (22).  

4. GENERALIZATION OF A FORMULA FOR 
SPECIFIC PARTIAL BELL POLYNOMIALS 

Comparing (2) with (26) motivates us to pose a 
problem: What is the general and explicit formula of the 
quantity  

 
Bj ,k (0,…,0

!
" #$ %$ ,(!+1)!,(!+ 2)!,…,( j ! k +1)!)  

for  j ! k " ! 0  and  1! ! ! j " k +1? 

Theorem 3 For  j ! k " ! 0  and  0 ! ! ! j " k +1 , the 
partial Bell polynomials Bj ,k  satisfy the identity  
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 (!+1)k > j ! " 0 . Consequently, the formula  
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is valid for  j ! k " ! 0  and  0 ! ! ! j " k +1 .  

Proof. The identity (4) can be reformulated as  
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for  j ! k " ! 0 . Inductively, we conclude that  
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for  j ! k " ! 0  and  1! ! ! j " k +1 . The identity (27) is 
thus proved.  

Taking  t! = !!  in (27), simplifying, and employing the 
formula (2) lead to  
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for  j ! k " ! 0  and  1! ! ! j " k +1 . The formula (28) is 
thus proved.  

Remark 1 Letting  ! = 0,1  in the formula (28) reduces to 
(2) and (26). So we can say that the formula (28) is a 
generalization of the formulas (2) and (26).  

Remark 2 The formula (27) is a recovery of Excercise 
7 in [4, p. 450].  

5. DERIVATIVE FORMULA FOR REAL POWER OF 
HYPERBOLIC SECANT FUNCTION 

At the website https://math.stackexchange.com/q/ 

4219124, a clean formula for d
j

dt j
sech2t  was asked for. 

We now recite an answer by the author at the website 
https://math.stackexchange.com/q/4249446 as follows. 

Theorem 4 For  ! " !  and  j ! ! 0 , we have  
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where  S(k,!)  stands for the Stirling numbers of the 
second kind and  !"#$!  is the falling factorial.  

Proof. This is a slightly modified version of the answer 
posted at https://math.stackexchange.com/q/4249446 
by the author.  

The hyperbolic secant function secht  is defined [23, p. 
83] by  
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Then, when setting h = h(t) =1+ e2t , by virtue of the 
Leibnitz rule for differentiation and the Faá di Bruno 
formula (11), we obtain  

d j[(secht)! ]
dt j

= 2! d
j

dt j
e!t

(1+ e2t )!
 

= 2!
k=0

j

" j
k

#

$
%%

&

'
(((e

!t )( j)k )[(1+ e2t ))! ](k )  



Journal of Basic & Applied Sciences, 2024, Volume 20 

 

135 

 
= 2!

k=0

j

" j
k

#

$
%%

&

'
((!

j)ke!t
!=0

k

"(h)! )(!)Bk ,!( *h (t), **h (t),…,h(k)!+1)(t))  

 
= 2!

k=0

j

" j
k

#

$
%%

&

'
((!

j)ke!t
!=0

k

"*)!+!
h!+!

Bk ,!(2e
2t ,22e2t ,…,2(k)!+1)e2t )  

 
= 2!

k=0

j

" j
k

#

$
%%

&

'
((!

j)ke!t
!=0

k

" *)!+!
(1+ e2t )!+!

2k e2!tBk ,!(1,1,…,1)  

 
=

k=0

j

! j
k

"

#
$$

%

&
''(

j)k

!=0

k

!S(k,!)*)(+!
2(+k e((+2!)t

(1+ e2t )(+!
 

 
=

k=0

j

! j
k

"

#
$$

%

&
''(

j)k

!=0

k

!S(k,!)*)(+!2k)!(sinh t + cosh t)!sech(+!t  

for  ! " ! . The derivative formula (30) is thus proved.  

Remark 3 Taking ! = 2  in the formula (30) yields the 
derivative formula  
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for  j ! ! 0 . The problem at the website 
https://math.stackexchange.com/q/4219124 is thus 
solved.  

Remark 4 In [24, 25, 26], among other things, the n th 
derivative formula of the function secht  was 
alternatively computed, which is a special case ! =1  of 
the formula (30).  

6. CONCLUSIONS 

In this paper, in view of the Faá di Bruno formula (11) 
and with the help of some identities for the partial Bell 
polynomials Bj ,k , we differentiated three composite 
functions  

eat
b
, exp[! "(t !µ)

2

2µ 2t
], (secht)#  

for  a,b,!,µ," # !  with µ ! 0 , established several 
derivative formulas for them, and generalized the 
formula (2) by  
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for  j ! k " ! 0  and  0 ! ! ! j " k +1 . 

AUTHORS’ CONTRIBUTIONS 

All authors contributed equally to the manuscript and 
read and approved the final manuscript. 

FUNDING 

Not applicable. 

INSTITUTIONAL REVIEW BOARD STATEMENT 

Not applicable. 

INFORMED CONSENT STATEMENT 

Not applicable. 

ETHICAL APPROVAL 

The conducted research is not related to either human 
or animal use. 

AVAILABILITY OF DATA AND MATERIAL 

Data sharing is not applicable to this article as no new 
data were created or analyzed in this study. 

ACKNOWLEDGEMENTS 

The author is grateful to anonymous referees for their 
careful reading, helpful corrections, valuable 
suggestions, and significant comments on the original 
version of this paper. 

 COMPETING INTERESTS 

The authors declare that they have no any conflict of 
competing interests. 

USE OF AI TOOLS DECLARATION 

The authors declare they have not used Artificial 
Intelligence (AI) tools in the creation of this article. 

REFERENCES 

[1] Temme NM. Special Functions: An Introduction to Classical 
Functions of Mathematical Physics, A Wiley-Interscience 
Publication, John Wiley & Sons, Inc., New York 1996.  
https://doi.org/10.1002/9781118032572 

[2] Comtet L. Advanced Combinatorics: The Art of Finite and 
Infinite Expansions, Revised and Enlarged Edition, D. Reidel 
Publishing Co., 1974.  
https://doi.org/10.1007/978-94-010-2196-8 

[3] He C-Y, Qi F. Reformulations and generalizations of 
Hoffman’s and Gencev’s combinatorial identities, Results 
Math 2024; 79(4): 131. 
https://doi.org/10.1007/s00025-024-02160-0 

 



Journal of Basic & Applied Sciences, 2024, Volume 20 

 

136 

[4] Charalambides ChA. Enumerative Combinatorics, CRC 
Press Series on Discrete Mathematics and its Applications. 
Chapman & Hall/CRC, Boca Raton, FL, 2002. 

[5] Aboud A, Bultel J-P, Chouria A, Luque J-G,  Mallet O. Bell 
polynomials in combinatorial Hopf algebras, arXiv preprint 
2016. available online at https://arxiv.org/abs/1402.2960v3. 

[6] Aboud A, Bultel J-P, Chouria A,  Luque J-G,  Mallet O. Word 
Bell polynomials. Sém Lothar Combin 2017; 75: Art. B75h, 
31. 

[7] Qi F, Guo B-N, Explicit formulas for special values of the Bell 
polynomials of the second kind and for the Euler numbers 
and polynomials. Mediterr J Math 2017; 14(3): Art. 140, 14. 
https://doi.org/10.1007/s00009-017-0939-1 

[8] Qi F,  Zheng M-M. Explicit expressions for a family of the Bell 
polynomials and applications. Appl Math Comput 2015; 258: 
597-607. 
https://doi.org/10.1016/j.amc.2015.02.027 

[9] Guo B-N,  Qi F. Viewing some ordinary differential equations 
from the angle of derivative polynomials. Iran J Math Sci 
Inform 2021; 16(1): 77-95.  
https://doi.org/10.52547/ijmsi.16.1.77 

[10] Qi F,  Niu D-W,  Lim D,  Guo B-N. Closed formulas and 
identities for the Bell polynomials and falling factorials. 
Contrib Discrete Math 2020; 15(1): 163-174.  
https://doi.org/10.11575/cdm.v15i1.68111 

[11] Guo B-N, Lim D,  Qi F. Maclaurin’s series expansions for 
positive integer powers of inverse (hyperbolic) sine and 
tangent functions, closed-form formula of specific partial Bell 
polynomials, and series representation of generalized logsine 
function. Appl Anal Discrete Math 2022; 16(2): 427-466;  
https://doi.org/10.2298/AADM210401017G 

[12] Olver FWJ, Lozier DW, Boisvert RF, Clark CW, Eds. NIST 
Handbook of Mathematical Functions, Cambridge University 
Press, New York, 2010; available online at 
http://dlmf.nist.gov. 

[13]  Jin S, Guo B-N, Qi F. Partial Bell polynomials, falling and 
rising factorials, Stirling numbers, and combinatorial 
identities. CMES Comput Model Eng Sci 2022; 132(3): 781-
799. 
https://doi.org/10.32604/cmes.2022.019941 

[14] Mansour T, Schork M. Commutation Relations, Normal 
Ordering, and Stirling Numbers, Discrete Mathematics and its 
Applications. CRC Press, Boca Raton, FL, 2016. 

[15] Quaintance J,  Gould HW. Combinatorial Identities for Stirling 
Numbers, The unpublished notes of Gould HW. With a 

foreword by George E. Andrews. World Scientific Publishing 
Co. Pte. Ltd., Singapore, 2016. 

[16] Qi F, Niu D-W,  Lim D, Yao Y-H. Special values of the Bell 
polynomials of the second kind for some sequences and 
functions. J Math Anal Appl 2020; 491(2): Art. 124382, 31. 
https://doi.org/10.1016/j.jmaa.2020.124382 

[17] Chitescu I, Around the formula of Faà di Bruno, Éditions 
universitaires européennes, Mauritius, 2017. 

[18] Daboul S,  Mangaldan J, Spivey MZ, Taylor PJ. The Lah 
numbers and the nth derivative of e1/x. Math Mag 2013; 86(1): 
39-47. 
http://doi.org/10.4169/math.mag.86.1.039 

[19] Qi F. An explicit formula for the Bell numbers in terms of the 
Lah and Stirling numbers. Mediterr J Math 2016; 13(5): 2795-
2800. 
https://doi.org/10.1007/s00009-015-0655-7 

[20] Zhang X-J,  Qi F,  Li W-H. Properties of three functions 
relating to the exponential function and the existence of 
partitions of unity. Int J Open Probl Comput Sci Math 2012; 
5(3): 122-127. 
https://doi.org/10.12816/0006128 

[21] Boyadzhiev KN. Lah numbers, Laguerre polynomials of order 
negative one, and the nth derivative of exp(1/x). Acta Univ 
Sapientiae Math 2016; 8(1): 22-31. 
https://doi.org/10.1515/ausm-2016-0002 

[22]  López-Bonilla J,Vidal-Beltrán S. On the nth derivative of Exp 
(1/x). Afr J Basic Appl Sci 2020; 12(2): 25-26. 
https://doi.org/10.5829/idosi.ajbas.2020.25.26 

[23] Abramowitz M,  Stegun IA, Eds. Handbook of Mathematical 
Functions with Formulas, Graphs, and Mathematical Tables, 
National Bureau of Standards, Applied Mathematics Series 
55, Reprint of the 1972 edition, Dover Publications, Inc., New 
York, 1992. 

[24] Boyadzhiev KN. Derivative polynomials for tanh, tan, sech 
and sec in explicit form. Fibonacci Quart 2007; 45(4): 291-
303. 

[25] Boyadzhiev KN. Derivative Polynomials for tanh, tan, sech 
and sec in explicit form. arXiv 2010. Available online at 
https://arxiv.org/abs/0903.0117 

[26] Xu A-M, Cen G-D. Closed formulas for computing higher-
order derivatives of functions involving exponential functions. 
Appl Math Comput 2015; 270: 136-141. 
https://doi.org/10.1016/j.amc.2015.08.051 

 

 


