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Abstract:  
 
In this study, based on target design conditions, an airfoil is designed for a 
supersonic aircraft to achieve the maximum lift-to-wave drag ratio, with constraints 
on the lift coefficient, pitching moment, and maximum thickness. The coefficients of 
lift and wave drag are calculated numerically using shock/expansion wave theory. To 
solve the corresponding optimization problem, the Basin-Hopping algorithm—a 
method commonly used in computational chemical physics for determining minimum 
energy structures of molecules—is employed. To enhance the search for local 
extrema, the Sequential Least Squares Programming (SLSQP) method, known for 
handling constrained optimization problems, is integrated with the Basin-Hopping 
algorithm. For comparison and validation, the exhaustive search method, a simple 
technique that evaluates various combinations of design variables to find the optimal 
solution, is also applied. The results show that while the exhaustive search identifies 
the optimal design, the Basin-Hopping algorithm yields a slightly better design and 
requires only about 1/60 of the computation time. This work outlines the design 
process and demonstrates how advanced optimization algorithms can efficiently 
address engineering design challenges. 
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1. INTRODUCTION  

It is well known that airfoils significantly influence the 
aerodynamic performance of aircraft [1-4]. In addition 
to aircraft, they also play important roles in 
aerodynamic bodies, such as helicopters [5,6], micro-
air vehicles [7,8], propellers [9,10], and wind turbines 
[11,12]. This study focuses specifically on the design of 
an airfoil for a supersonic aircraft, which exceeds the 
speed of sound and typically features a thin airfoil 
section [13]. This section is characterized by sharp 
leading and trailing edges, as well as relatively flat 
upper and lower surfaces, all designed to minimize 
wave drag and maximize lift production. In the 
supersonic aerodynamic regimes, due to the high 
speed of the flow, the shock wave and wave drag 
emerge, and the flow is compressible [14]. In contrast, 
these effects are less significant for subsonic aircraft, 
which fly at speeds below the speed of sound. As a 
result, compared to supersonic airfoils, subsonic airfoils 
typically feature thicker sections with rounded leading 
edges, optimizing lift generation at lower speeds [15]. 

To achieve the maximum lift-to-wave drag ratio, the 
specific profile of a supersonic airfoil, which includes its 
thickness and camber, must be carefully designed 
based on target conditions and supersonic 
aerodynamic principles. The aerodynamic performance 
of a given airfoil shape can be evaluated using the 
shock/expansion wave theory [14]. Since different 
shapes yield varying aerodynamic efficiencies and 
numerous potential configurations exist, the design of a 
supersonic airfoil becomes an optimization problem. 
The lift-to-wave drag ratio may exhibit multiple extrema 
in different regions of the design space, requiring a 
search that spans the entire variable space to identify 
the global extremum. Several techniques are available 
for finding the global extremum, and two methods are 
employed here: exhaustive search [16] and Basin-
Hopping [17]. The exhaustive search method, also 
known as brute-force search [16], is straightforward to 
implement. It involves meshing the design variable 
space and calculating the lift coefficient, wave drag 
coefficient and pitching moment at each mesh point. If 
the constraints are satisfied at a given point, the 
corresponding design is considered feasible. The 
optimal design is the feasible solution that yields the 
maximum lift-to-wave drag, which represents the global 
maximum or its approximation. Naturally, the likelihood 
of finding the global maximum increases with a finer 
mesh, but this also increases the computation time. 

Basin-hopping is an efficient technique for locating 
global extrema. It is an iterative method that was 

originally developed in 1997 to find the minimum 
energy structure of molecules [17]. Since then, it has 
been widely used in computational chemical physics to 
solve complex optimization problems [18-22]. In [23], 
Basin-hopping was compared with four established 
metaheuristics for global optimization: Evolution 
Strategies (ES) [24], Differential Evolution (DE) [25], 
Particle Swarm Optimization (PSO) [26], and Simulated 
Annealing (SA) [27]. The study found that Basin-
hopping outperformed these algorithms in solving six 
real-world problems (three Lennard-Jones and three 
Morse problems), both in terms of speed and solution 
quality.  

In [11, 12], the non-dominated sorting genetic algorithm 
II (NSGA-II) [28], a type of evolutionary algorithm, was 
employed to optimize the designs for wind turbines’ 
airfoils. ES, DE, and PSO are also evolutionary 
algorithms. As Basin-hopping has demonstrated 
advantages in speed and efficiency over these 
methods [23], it has been selected over both these 
evolutionary algorithms (including NSGA-II) and SA, for 
finding the optimal design of a supersonic airfoil in this 
study.  

Basin-hopping is a two-phase method that combines a 
global stepping algorithm with local minimization at 
each iteration. In this method, the search direction at 
each iteration is randomly chosen, and a local search is 
performed using the new iterate as the starting point. 
The random "hop" in the variable space allows the 
method to potentially find a global extremum. Basin-
hopping has been implemented as a Python function, 
which can be accessed through an open-source 
Python library [29] and incorporated into custom code. 
As a result, it is adopted here to find the global 
maximum of the lift-to-wave drag ratio. 

To effectively search for a local extremum, an 
optimization method must be integrated with Basin-
hopping. Sequential Quadratic Programming (SQP)-
based methods are commonly used to solve 
constrained optimization problems and locate local 
extrema [30,31]. In such methods, the objective 
function is first reformulated into a Lagrangian function, 
incorporating the original objective function, Lagrange 
multipliers, and constraints. The Newton-Raphson 
method [32,33], for example, is then applied to identify 
a point where the gradient of the Lagrangian function 
vanishes. This point is a critical point of the Lagrangian 
function, where the function may exhibit an extremum. 
The standard Newton-Raphson method solves for the 
critical point by iterating a vector equation involving the 
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inverse of a matrix of function derivatives. However, 
this matrix is often singular and non-invertible, which 
can prevent the vector equation from being solved to 
determine the next search step. To overcome this 
challenge, the SQP method determines the search step 
by solving an equivalent optimization subproblem. This 
subproblem has a quadratic objective function with 
linear constraints for the search step. The quadratic 
term in the objective function contains a matrix of 
second-order partial derivatives of the Lagrangian 
function. The partial derivatives in this matrix, as well 
as those in the linear constraints, can be computed 
using the finite-difference method [31], based on the 
values of the function and constraints at each iterate. 

Sequential Least Squares Programming (SLSQP) [34, 
30] and Constrained Optimization By Quadratic 
Approximations (COBYQA) [35] are both SQP-based 
approaches. In the SLSQP method, the matrix of 
second-order partial derivatives is decomposed using 
LDLT, L denotes a lower triangular matrix, D is a 
diagonal matrix, and T represents the transpose of a 
matrix. The reformulated subproblem is then solved 
using linear least squares software [36]. In contrast, the 
COBYQA method uses interpolation-based quadratic 
polynomials to approximate the original objective 
function and constraints based on their values. The 
corresponding subproblem is solved for the next search 
step using the Byrd-Omojokun approach [37, 38]. This 
approach assumes that the search step is the sum of 
the normal and tangential steps, which are determined 
by solving two related optimization subproblems. 

Given our familiarity with the SLSQP method, we adopt 
it in the Basin-hopping algorithm to search for local 
extrema. Additionally, the SLSQP method has been 
implemented as a Python function [34], which can be 
directly called within the Python code of the Basin-
hopping method. 

2. GEOMETRIC MODEL 

A supersonic airfoil generally has a thin section formed 
of either angled panels or opposed arcs (called “double 
wedge airfoils” and “biconvex airfoils” respectively) with 
sharp leading and trailing edges. A biconvex airfoil is 
illustrated in Figure 1. Here, the dimensions of the 
airfoil are nondimensionalized with respect to the chord 
length, which is normalized to 1. A rectangular 
coordinate system is established, with the x-axis 
aligned along the chord of the airfoil and the y-axis 
perpendicular to it. The origin is located at the leading 
edge of the airfoil. In this study, both upper and lower 

surfaces are mathematically described using third-
order polynomial functions of the form: 

! = !!! + !!! + !" + !.           (1) 

 
Figure 1: Sketch of a biconvex Airfoil. 

Let yu and yl denote the y-coordinates of the points on 
the upper and lower surfaces, respectively. Set tu and tl 
to be the maximum thicknesses of the upper and lower 
surfaces, respectively. Use xu and xl to denote the 
positions along the chord where tu and tl are located. 
Let ! denote the angle of attack, which is the angle 
between the chord of the airfoil and the incoming 
airflow. Use t to represent the maximum thickness of 
the airfoil. Then t= tu+tl.  

The upper and lower surfaces are subject to the 
following boundary conditions: 

y(0)= 0, (2) 

y(1)= 0,  (3) 

y (!!)= tu  (4) 

!"
!"
|!!!! = 0,  (5) 

y(xl)=-tl,   (6) 

!"
!"
|!!!! = 0.   (7) 

Eqs. (2)-(5) are utilized to find the four coefficients a, b, 
c, and d in Eq. (1) for the upper surface. Similarly, 
Equations (2), (3), (6), and (7) are employed to 
determine the four coefficients for the lower surface. 
Accordingly, the functions for the upper and lower 
surfaces are given by 

!! =
!!![ !!!!! !!! !!!!!! !!!! !!!!! ]

!!!(!!!!)!
,   (8) 

!! = − !!![ !!!!! !!! !!!!!! !!!! !!!!! ]
!!!(!!!!)!

.  (9) 

As seen from Eq. (8) and (9), the profile of the airfoil 
depends on four parameters: tu, tl, xu and xl.  
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3. PROBLEM DEFINITION 

The design Mach number is set to be 3.0, meaning the 
aircraft’s speed is three times the speed of sound. To 
ensure efficient flight, the airfoil should have a high lift 
coefficient (!!) and a low wave drag coefficient   !! . 
Therefore, the objective function is !!/!!, and the goal 
is to maximize !!/!!. 

A high value of !! indicates that the aircraft generates 
more lift for given parameters, such as velocity. In our 
case, it is required to be at least 0.3. Let !! denote the 
pitching moment about the leading edge of the 
biconvex airfoil. This moment causes the aircraft to 
rotate nose-up or nose-down. In our case, to ensure 
stable flight, its absolute value must not exceed 0.1. 
The most efficient shape for supersonic flight is a flat 
plate, as it theoretically does not incur any wave drag 
penalty due to thickness. Due to structural constraints, 
the value of t is set to 0.1. Additionally, to prevent the 
upper or lower surfaces from intersecting the chord 
(other than at the leading and trailing edges), !! and !! 
must be positioned between 1/3 and 2/3 of the chord 
length. In addition, the angle of attack is also 
constrained to vary between 0o and 10o. 

According to the above considerations, there are six 
constraints for the objective function:  

(i) t =0.1; 

(ii) !! ≥ 0.3; 

(iii) |!! | ≤ 0.1 

(iv) 1/3≤ !! ≤2/3;  

(v) 1/3≤ !! ≤2/3; and 

(vi) 0o≤ ! ≤10o. 

These constraints are similar to the ones typically 
required for a supersonic airfoil [14]. There are four 
design variables: !, tu (or tl), !!, and !!. The goal is to 
find a set of these design variables that maximizes 
!!/!!, while ensuring that all six constraints are 
satisfied. 

4. AERODYNAMIC PERFORMANCE ANALYSIS 

To calculate !!, !!, and !!, shock/expansion wave 
theory will be used to calculate the pressure coefficient 
[14], assuming that the flow is steady and in viscid, and 
that it is supersonic throughout with no interference. Let 
!!!  and !!! denote the pressure coefficients on the 
upper and lower surfaces of the airfoil, respectively. 
Then,  

!! = !! cos! − !! sin!,  (10) 

!! = !! sin! + !! cos!,  (11) 

!! = !!! − !!! !"!
!
! + !!!

!!!
!"
!! − !!!

!!!
!"
!! !"

!
! .

 (12) 

In Eqs. (10) and (11), !! and !! denote the normal 
force coefficient and axial force coefficient, respectively. 
They have the following expressions: 

!! = !!! − !!! !"!
! ,  (13) 

!! = !!!
!!!
!"

− !!!
!!!
!"

!"!
! .  (14) 

To calculate the integrals in Eqs. (12)-(14), the upper 
and lower surfaces of the airfoil are divided into M and 
N segments, where M and N are positive integers and 
may differ. Each segment is approximated as a 
straight-line element, with its endpoints described by 
the coordinates (xui, yui) or (xlj, ylj), where i=1,2, ..., M+1 
and j = 1,2, ..., N+1. Let !ui denote the inclination angle 
that the ith element of the upper surface forms with the 
chord line. Set !lj to be the inclination angle that the jth 
element of the lower surface forms with the chord line. 
Both !ui and !lj range from -90o to 90o, measured from 
the chord line toward the segment, with the counter-
clockwise direction being positive. The y-coordinates of 
these elements can be found using Eqs. (8) and (9) 
according to their x-coordinates. 

The pressure coefficient is assumed to be constant 
along each line segment, while its values may vary 
between different segments. Based on the division, an 
integral can be approximated as the sum of the 
integrals over the corresponding line segments. 
Consequently, Eqs. (12)-(14) can be re-written as 

!! =
!!!![!! !!!

!!!!!!]

!
−

!!!![!! !!!
!!!!!!]

!
!
!!!

!
!!! +

!!!!!"#!!![!! !!! !!!!][!! !!! !!!!]

!
!
!!! −

!!!!!"#!!![!! !!! !!!!][!! !!! !!!"]

!
!
!!! , (15) 

!! = !!!![!! !!! − !!!]!
!!! − !!!![!! !!! − !!!]!

!!! ,  
(16) 

!! =
!!!!tan!!![!! !!! − !!!]!

!!! − !!!!tan!!! [!! !!! −!
!!!

!!!]. (17) 

The deflection angle refers to the change in the flow 
direction of a fluid, such as air, after it passes through a 
shock or expansion wave. Let !!! denote the deflection 
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angle for the ith element of the upper surface. Set !!! to 
be the deflection angle for the jth element of the lower 
surface. These angles can be determined according to 
!ui and !lj as follows: 

!!! = !!! − !!(!!!),      ! ≥ 1, (18) 

!!! = −!!! + !!(!!!).        ! ≥ 1, (19) 

where !!" =   ! and !!" =   !.  

The value of !!!! or !!!! on a line segment is 
determined based on whether expansion or shock 
waves are formed on that segment. The following two 
criteria used to determine whether a shock or 
expansion wave forms on a line segment:  

(i) If the deflection angle for a linear element is 
positive, the supersonic flow is turned into itself, 
and a shock wave is formed on the line segment. 
The theory of shock waves is then used to 
calculate the corresponding !!!! or !!!!. 

(ii) If the deflection angle for a linear element is 
negative, the supersonic flow is turned away from 
itself, and an expansion wave is formed on the line 
segment. In this case, the theory of expansion 
waves is applied to determine !!!! or !!!!. 

5. THEORIES OF SHOCK AND EXPANSION WAVES 
FOR CALCULATING !! 

The pressure coefficient (!!") for the i-th line element 
on either upper or lower surface is  

!!" =
!( !!!

!!!
!
!!! !!)

!!!! ,  (20) 

where !!! and !!! denote the upstream and 
downstream pressures of a shock wave or expansion 
waves, respectively, on the m-th element with m 
ranging from 1 to i, and !!! being the free-stream 
pressure. !! is the free-stream Mach number, which is 
3.0 in our case. For air, the specific heat ratio ! is 1.4. 
Eq. (20) has been used in both theories of expansion 
and shock waves to calculate the pressure coefficient 
on a line element, while they differ in the ways of 
calculating !!!

!!!
. 

5.1. Theory of Expansion Waves 

If an expansion wave occurs on the line segment,  

!!!
!!!

= [
!! !!!

! !!!

!! !!!
! !!!

]!/(!!!),  (21) 

where !! and !! denote the upstream and 
downstream Mach numbers on the m-th element. For 
the leading element on either upper or lower surface, 
!! is the free-stream Mach number, and its !! must be 
calculated. For each subsequent element, its !! is 
equal to !! of the previous element. For known !! and 
deflection angle, !! for the m-th element can be 
determined using the following two equations: 

|!| = ! !! − ! !! ,  (22) 

! ! = !!!
!!!

tan!! !!!
!!!

(!! − 1) − tan!! !! − 1,  (23) 

where θ is the deflection angle of the m-th element. 
The right-hand side of Eq. (23) is known as the Prandtl-
Meyer function, denoted by ! ! . The value of ! !!  
can be determined using Eq. (23). This value is then 
substituted into Eq. (22) to find ! !! . Based on the 
value of ! !! , !! can be calculated by numerically 
solving Eq. (23).  

5.2. Theory of Shock Waves 

If a shock wave occurs on the m-th element,  

!!!
!!!

= 1 + !!
!!!

!!,!
! − 1 ,  (24) 

where !!,! is the normal Mach number before the 
shock wave, and it is related to !! and oblique shock 
angle (β) by 

!!,! = !! sin!. (25) 

The value of ! can be determined by solving the 
following θ-β-M relation: 

tan ! = 2 cot! !!! !"#! !!!
!!!(!!!"# !!)!!  

. (26) 

Subsequently, the normal Mach number (!!,!) behind 
the shock wave can be found using the following 
relationship: 

!!,!
! =

!! !!!
! !!,!

!

!!!,!! !!!!!
. (27) 

!! is related to !!,! by 

!! =
!!,!

!"#( !!!)
. (28) 

For a line segment on either upper or lower surface, for 
given !! and !, its !!,! and !! can be determined 
using Eqs. (25) and (28), respectively. Subsequently, 
the corresponding value of !!!

!!!
 can be found using Eq. 

(24).  
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6. A SIMPLE EXAMPLE 

For illustration, consider a simple diamond-wedge 
airfoil shown in Figure 2, with !=10o and M ͚ =3.0. The 
airfoil consists of two line elements on both the upper 
and lower surfaces. As marked in Figure 2, the two top 
elements have inclination angles of 5o and -5o, 
respectively, while the two bottom elements have 
inclination angles of -5o and 5o. Using Eqs. (18) and 
(19), the corresponding angles of deflections are 
calculated as -5o, -10o, 15o, and -10o, respectively. 
According to the two criteria outlined in Sec. 4, 
expansion waves are applied to both elements of the 
upper surface and the second element of the lower 
surface, while shock waves are applied to the first 
element of the lower surface. Subsequently, the theory 
of expansion waves is employed to determine the 
pressure ratios for the three elements under expansion. 
These pressure ratios are then substituted into Eq. (20) 
to calculate the pressure coefficient. Meanwhile, the 
theory of shock is applied to determine the pressure 
ratio for the first element of the lower surface, which is 
then substituted into Eq. (20) to find the corresponding 
pressure coefficient. 

For the top two elements, the values of !!
!!

 are 0.671 
and 0.269, and !!!!= −0.05222 and !!!!= −0.11603. 
For the bottom two elements, the values of !!

!!
 are 2.82 

and 1.49, !!!!= 0.28889, and !!!!= 0.0746. 
Subsequently, by Eqs. (15)-(17),  

!! =
(!!.!"###)(!.!!!!!)

!
+ (!!.!!"#$)(!!!!.!!)

!
− !.!"""#  (!.!!!!!)

!
−

!.!"#$(!!!!.!!)
!

+ (!!.!"###)!"#!!(!.!/!"#!!!!)(!.!!!)
!

+
(!!.!!"#$)!"#(!!!)(!!!.!/!"#!!)(!.!!!.!)

!
−

!.!"""#  !"# !!! [!!!.!/!"#(!!!)](!.!!!)
!

−
!.!"#$%&'!![!.!/!"#(!!!)!!](!.!!!.!)

!
= −0.1143, (29) 

!! =
0.28889(0.5 − 0) + 0.0746(1 − 0.5) − (−0.05222) 0.5 −
0 − (−0.11603)(1 − 0.5) = 0.26578, (30) 

!! =
(−0.05222)tan 5!( 0.5! − 0!) +
(−0.11603)tan(−5!)(1! − 0.5!) −
0.28889tan −5! (0.5! − 0!) −   0.0746tan 5!(1! −
0.5!)=0.0122. (31) 

Accordingly, by Eqs. (10) and (11),  

!! = 0.26587cos10!−0.0122 sin10! = 0.2597, (32) 

!! = 0.26587sin10!+0.0122cos10!= 0.0582. (33) 

In terms of Eqs. (32) and (33), 

!!
!!
= 4.464. (34) 

Meanwhile, by Eq. (29), |!!| = 0.1143 > 0.1. 
Therefore, it violates the design requirement regarding 
the pitch moment. As such, this design is not a feasible 
one.  

7. OPTIMIZATION OF DESIGN 

Three algorithms will be used to solve the optimal 
design problem. The first algorithm calculates !!, !!, 
and !! for a given set of design parameters. The 
second and third algorithms are two optimization 
methods: exhaustive search and Basin-hopping. The 
first algorithm will be combined with each of the 
optimization methods to find the optimal set of design 
parameters that yields the global maximum value of !!

!!
 . 

The results from these two combinations will then be 
compared. The three algorithms are described below, 
one by one. Three Python codes are developed to 
implement these algorithms: the codes for the first two 
algorithms are developed by us, while the third one 
directly calls the Basin-Hopping function from an open-
source Python library [29]. 

7.1. Algorithm to Find !!
!!

 

For a given set of design parameters, this algorithm is 
given below: 

(i). Break the upper and lower surfaces of the airfoil into 
M and N line elements, respectively. 

 
Figure 2: A simple example to illustrate the process to determine !!, !!, and !!. The values in the paratheses are the deflection 
angles. 
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(ii). Compute the inclination angles of the line elements 
using Eqs. (8) and (9). 

(iii). Find the deflection angles of the line elements 
using Eqs. (18) and (19).  

(iv). Determine whether a shock or expansion wave 
applies on a line element according to the four criteria 
listed in Sec. 4. 

(v). For elements under compression or expansion, 
calculate the pressure ratios using the corresponding 
theory, and then determine the pressure coefficients 
using Eq. (20).  

(vi). Calculate !! and !! by Eqs. (16) and (17), 
respectively. 

(vii). Finally, calculate !! and !! using Eqs. (10) and 
(11) and determine !! using Eq. (15).  

The example in Sec. 6 follows the above algorithm to 
calculate !!

!!
 and !! manually. A more complicated 

calculation will be performed here by Python 
programming using this algorithm for different sets of 
design parameters.  

7.2. Exhaustive Search Algorithm 

This algorithm is straightforward and simple to 
implement [16]: 

(i) Divide each of design variables (!, tu or tl, !!, and 
!!) within their specified bounds into multiple 
discrete elements. 

(ii) Use a nested loop to iterate through all possible 
combinations of these elements. 

(iii) For each set of design variables, calculate the 
aerodynamic coefficients (!!, !!, and !!) using the 
first algorithm, and then examine if all design 
constraints are met. A design that satisfies all 
constraints is considered a feasible design. 
Multiple feasible designs may be obtained after the 
nested loop is completed. 

(iv) Finally, compare the feasible designs and select 
the one that produces the maximum value of !!

!!
 , 

which is the optimal design.  

7.3. Basin-hopping Algorithm  

Determining the global maximum of !!
!!

 is equivalent to 

finding the global minimum of − !!
!!

. The Basin-hopping 
algorithm is employed to identify the set of design 
parameters that leads to this global minimum while 

satisfying six design constraints. The value of !!
!!

 for 
each tested set of design variables is also computed 
using the first algorithm. The Basin-hopping algorithm 
is illustrated below by finding the global minimum of a 
single-variable function y(x). The original algorithm was 
proposed in [17], with the aim of finding the best 
conformation of a protein that corresponds to its lowest 
energy state. 

(I) Take an initial guess x10, which gives the initial 
value of the objective function (y10), and 
conduct a local search for x11, where the 
objective function has a local minimum value of 
y11. Save y11 as the global minimum value. 

(II) Take a random large step from x11 to x20, and 
perform a local search to find x21, where the 
objective function has a local minimum value of 
y21.  

(III) Perform an acceptance test, and consider two 
cases. 

Case I: if the test passes, repeat the second 
and third steps. However, in the second step 
(Figures 3a or 3b), the random large step is 
taken from x21 (not x11) to a new x value (say, 
x30), which is followed by a local search for a 
new local minimum value of the objective 
function.  

Case II: if the test fails, also repeat the second 
and third steps. In the second step (Figure 3c), 
the random large step is still taken from x11. 
The new x value is also labelled as x30 in Figure 
3c, followed by a local search for a new local 
minimum value of the objective function.  

The acceptance test passes in two scenarios: (i) y21≤ 
y11, which is the case illustrated in Figure 3a, and (ii) 
y21>y11 while it satisfies the Metropolis criterion [40,41] 
(Figure 3b). In the first scenario, y21 will be saved as 
the new global minimum, while it is not in the second 
scenario. The Metropolis criterion used in the second 
scenario is developed according to standard Monte 
Carlo algorithms. It uses a prabability to decide 
whether x21 will be accepted as a new start point from 
the global search based on the value of y21. If this 
criterion is sastified, the acceptance test passes, and 
x21 is accepted as the new start point (Figure 3b). In 
case it is not, the acceptance test fails, and x11 is still 
the start point for the global search (Figure 3c). SQRL 
method is adopted here for local search.  
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Figure 3: Illustration of the basin-hopping algorithm via the 
search for the global minimum of a function y(x). 

8. NUMERICAL RESULTS AND DISCUSSIONS 

8.1. Numerical Results for the Simple Example 

Figure 4 gives the Cp distribution and airfoil shape 
calculated for the simple example, using the first 

algorithm. The values of Cp on the two top elements 
are -0.05280 and -0.11615, while for the two bottom 
elements, they are 0.28900 and 0.073206. These 
values closely match those obtained manually (see 
Sec. 6). The values of Cl and Cd are found to be 0.2594 
and 0.0581, respectively. They are also in close 
agreement with the manually calculated values. The 
value of Cl /Cd is 4.463. It is nearly identical to the 
manually calculated value of 4.464. The simulated 
airfoil also has a diamond-shaped profile (Figure 4).  

8.2. Optimal Designs  

When both methods were used to determine the 
optimal designs, either the upper or lower surface was 
divided into 20 line elements. In the exhaustive search 
method, the design variables ! and tu had 20 divisions 
within their respective bounds, while !! and !! were 
divided into 30 intervals. In contrast, the Basin-hopping 
did not require meshing of the design space. As such, 
no divisions were made. Meanwhile, for the Basin-
hopping, the start point was chosen as the set of 
design variables (5o, 0.05, 0.5, 0.5), with each variable 
being approximately the mean value of its respective 
interval. In the case of the exhaustive method, the start 
point was set by default to be the lowest value in the 
design space, which in our case was (0o, 0.0, 1/3, 1/3), 
with each variable taking the minimum value of its 
interval. The Python codes of both methods were 
executed on the Google Colab platform [42], using a 
Microsoft surface laptop 6 equipped with an Inte® Ultra 
5 Processor and 16GB of random-access memory.  

The exhaustive search method first identified all 
feasible designs and then compared them to find the 
optimal design. The computation took 56 minutes and 
31 seconds. In total, 3697 feasible designs were found. 
They were ranked according to their !!

!!
 values, from 

lowest to highest. 10 of them were chosen and listed in 

 
Figure 4: Numerically calculated Cp distribution and airfoil shape for the simple example. 
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Table 1 as Nos. 1 to 10. They included the top two on 
the ranking list, two designs near the 25% position, two 
near the 50% position, two near the 75% position, and 
the bottom two. As observed from Table 1, for the 
feasible designs, the values of ! range from to 8.42o to 
9.47o, tu from to 0 to 0.021, !! from to 0.333 to 0.598, 
!!  from to 0.425 to 0.460, and !!

!!
 from to 2.649 to 3.201. 

According to the result of exhaustive search, Design 
No. 10 has the highest value of !!

!!
, which is 3.201, with 

design variables !=9.47o, tu=0.021, !!=0.598, and 
!! =0.460.  

In contrast, the Basin-hopping method took only 58 
seconds, about 60 times faster than the exhaustive 
search method. The optimal design found by Basin-
hopping was listed as No. 11 in Table 1, with a !!

!!
 value 

of 3.312, a 3.4% improvement over the exhaustive 
search result. The optimal set of design variables were 
!=9.82o, tu=0.024, !!=0.667, and !! =0.500.  

For comparison, designs without Constraints 2 and 3 
were also considered. These constraints are critical for 
maintaining flight efficiency and stability. Therefore, 
removing them rendered the designs unfeasible. This 
case was explored solely for comparison purposes. 
The optimal designs found in this scenario were listed 
as Nos. 12 and 13 in Table 1. Without these two 
constraints, the Basin-hopping method completed the 

computation in just 7 seconds, while the exhaustive 
search took 49 minutes and 28 seconds. Both methods 
found nearly identical maximum values for !!

!!
. They are 

4.711 for exhaustive search and 4.717 for Basin-
hopping. The corresponding design variables were 
close. They were (6.32o, 0.063, 0.632, 0.621) and 
(6.63o, 0.064, 0.636, 0.617), respectively. However, 
neither design satisfied Constraint 2. It is noteworthy 
that the maximum values of !!

!!
 obtained in this case 

were higher than those achieved when all constraints 
were applied. For example, in the case with all 
constraints, the maximum value of !!

!!
 was 3.312, while 

in the case without Constraints 2 and 3, it increased to 
4.717. Additionally, the design variables changed 
significantly. For instance, the value of ! decreased 
from 9.82o to 6.63o, demonstrating the impact of 
removing these constraints on the optimal design. 

8.3. Profiles of Airfoils 

Figure 5 gives the profiles of airfoils derived from 
different possible designs. Figure 5a compares four 
feasible designs: Designs 1, 5, 10, and 11 listed in 
Table 1. The four designs all have the same total 
thickness of 0.1, which is one of the constraints that 
should be met. However, the thicknesses of their upper 
surfaces decrease as !!

!!
 increases, progressing from 

Design 1 to Design 5, then Design 10, and finally 

Table 1: Feasible Designs and Optimal Designs 

Designs Nos. 1-10, and 12 are the results of the exhaustive search, while Nos. 11 and 13 are those of the Basin-hopping. The 
bold-faced values represent the maximum !!

!!
 found by each approach, with the full set of constraints or with fewer constraints.  

No. ! (o) tu !! !! !! !! !! 
!!
!!

 

1 8.42 0 0.333 0.425 0.325 0.123 -0.088 2.649 

2 8.42 0 0.345 0.425 0.325 0.123 -0.088 2.649 

3 9.47 0.005 0.333 0.460 0.335 0.120 -0.099 2.804 

4 9.47 0.005 0.345 0.460 0.335 0.120 -0.099 2.805 

5 8.42 0.011 0.586 0.414 0.305 0.105 -0.089 2.913 

6 8.42 0.011 0.598 0.414 0.305 0.105 -0.089 2.913 

7 8.95 0.016 0.667 0.414 0.308 0.102 -0.094 3.017 

8 9.47 0.016 0.437 0.437 0.317 0.105 -0.100 3.018 

9 9.47 0.021 0.586 0.460 0.302 0.094 -0.098 3.201 

10 9.47 0.021 0.598 0.460 0.302 0.094 -0.098 3.201 

11 9.82 0.024 0.667 0.500 0.300 0.091 -0.100 3.312 

12 (Fewer constraints via 
exhaustive search) 6.32 0.063 0.632 0.621 0.149 0.032 -0.07 4.711 

13 (Fewer constraints via 
Basin-hopping) 6.63 0.064 0.636 0.617 0.157 0.033 -0.073 4.717 
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Design 11. Furthermore, the location of the maximum 
thickness on the upper surface shifts towards the 
trailing edge in the same order: Designs 1, 5, 10, and 
11. This suggests that a thicker upper surface with the 
largest thickness positioned further downstream may 
enhance the aircraft's flight efficiency. Conversely, the 
thicknesses of their lower surfaces follow an opposite 
trend. Figure 5b compares the optimal designs that 
satisfy all or fewer constraints. Designs 10 and 11 are 
the optimal solutions that satisfy all constraints, 
identified using exhaustive search and Basin-hopping, 
respectively. They result in similar airfoil profiles. 
Designs 12 and 13, which do not satisfy Constraint 2, 
are found through the same methods. These two 
airfoils have almost identical shapes. However, 
compared to Designs 10 and 11, Designs 12 and 13 
feature more convex upper surfaces and less convex 
lower surfaces. These geometric differences result in a 
higher lift-to-wave drag ratio for Designs 12 and 13. 
Nevertheless, their lift coefficients (!!) do not meet the 
required minimum of 0.3, as specified by Constraint 2. 

 

 
Figure 5: Profiles of airfoils according to (a) Designs 1, 5, 10 
and 11, and (b) Designs 10-13 in Table 1 (not to scale). 
Designs 10 and 11 are the optimal designs satisfying all 
constraints and Designs 12 and 13 are the ones satisfying 
fewer constraints.  

8.4. Aerodynamic Performance of the Optimal 
Design 

Next, we specifically consider the aerodynamic 
performance of the optimal design that has been found, 
which is Design 11. Figure 6 gives the airfoil profile 
which is plotted to the scale in the sense that both x- 
and y-axes use the same scales, while the ones in 
Figure 5 are not to the scale. It is clear from Figure 6 
that the optimal design leads to a thin biconvex profile, 
with the upper surface relatively flat and lower surface 
more convex. This figure also gives the distribution of 
the pressure coefficients along both the upper and 
lower surfaces. The pressure coefficient is 
approximately -0.1 along the upper surface, indicating 
that the pressure along the upper surface is 10% lower 
than the pressure of the oncoming air stream.  

 
Figure 6: Cp distribution and scaled airfoil profile along the 
chord in the optimal design (Design 11). 

Along the lower surface, the pressure coefficient 
decreases from 0.68 on the element near the leading 
edge to -0.03 on the element near the trailing edge. It is 
positive on the first 17 elements. Accordingly, the 
pressures on these elements are higher than that of the 
free air stream. The pressure coefficient is negative on 
the last three elements, which are circled in the figure, 
indicating that the pressures on those elements are 
lower than that of the oncoming air stream on each 
element. As the pressure coefficient on each element is 
larger than that of its counterpart of the upper surface, 
the pressure on the entire lower surface is larger than 
that on the entire upper surface. As such, the airfoil is 
lifted. The pressure coefficients are larger than 0.2 on 
the elements located on the left half of the lower 
surfaces. They are also larger than their counterparts 
on the right half of the lower surfaces. Therefore, the lift 
is mainly induced by the pressures applied to the left 
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half of the lower surface. This seems reasonable, as 
this portion of the lower surface directly faces the 
incoming air flow and is thus pushed to move upwards.  

A polar diagram illustrates the relationship between two 
aerodynamic parameters as the angle of attack varies, 
providing a visual representation of the airfoil's 
aerodynamic performance. In our case, the angle of 
attack is varied from 0o to 10o, and the airfoil is defined 
by the three geometric values from the optimal design: 
tu=0.024, !!=0.667, and !!=0.500.  

Figure 7 gives the polar diagram of the wave drag 
coefficient versus lift coefficient. As the lift coefficient 
increases, the drag coefficient also increases, with both 
drag and lift forces following a similar trend in their 
relationship. 

 
Figure 7: Cd versus Cl polar diagram for the optimally 
designed airfoil. 

Nevertheless, the relationship between lift-to-wave 
drag ratio and the lift coefficient does not follow the 
same trend. As shown in Figure 8, the lift-to-wave drag 
ratio initially increases as the lift coefficient rises from 
0.03 to 0.177, and then decreases as the lift coefficient 
continues to increase. In our case, !! is constrained to 
be no less than 0.30. As observed from Figure 8, when 
!! ≥ 0.3, the lift-to-wave drag ratio decreases with 
increasing !!. Therefore, the maximum lift-to-wave drag 
ratio occurs at !! =0.3, where it reaches 3.312. The 
corresponding angle of attack is 9.82o. This 
observation explains how the three geometric values in 
Design 11 resulted in !! =0.3, !!

!!
=3.312, and !=9.82o. 

Figure 9 shows the polar diagram of pitching moment 
versus the lift coefficient. Since the pitching moment is 
negative, it rotates the airfoil counterclockwise about 
the leading edge, causing the aircraft’s nose to pitch 

down. The pitching moment decreases approximately 
linearly as the lift coefficient increases. On the other 
hand, its magnitude increases with the increase in the 
lift coefficient, indicating that a large lift force causes a 
pitching moment with a large magnitude. When !! 
reaches 3.0, the magnitude of the pitching moment 
reaches the maximum allowed value of 0.10. 
Accordingly, to satisfy the constraint that |!! | ≤ 0.1, !!  
cannot exceed 0.3. Together with the constraint that !! 
≥ 0.3, we must have !! = 0.3. The corresponding angle 
of attack is also 9.82o. This observation further explains 
how the three geometric values in Design 11 yielded 
that !! =0.3 and !=9.82o, as well as that !!=-0.100. 

 
Figure 9: Cm versus Cl polar diagram for the optimally 
designed airfoil. 

9. SUMMARY AND CONCLUSIONS 

This work focused on determining the optimal design of 
a biconvex airfoil by solving an optimization problem 
that included six constraints, using three different 
algorithms. The first algorithm was used to numerically 

 
Figure 8: Cl/Cd versus Cl polar diagram for the optimally 
designed airfoil. 
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determine the aerodynamic performance resulting from 
a specific design. The other two algorithms, exhaustive 
search and Basin-hopping, were applied to find the 
global extrema. The exhaustive search method 
provided a list of feasible designs based on the results, 
taking nearly 1 hour to complete the search. 

In comparison, the Basin-hopping algorithm conducted 
a local search within the region where a feasible design 
was found. This approach has the potential to identify a 
better design within this region. Additionally, Basin-
hopping randomly "hops" to new start points for further 
local searches, which increases its chances of finding a 
global maximum in fewer search steps and with less 
computational time. In our case, the Basin-hopping 
algorithm completed the search in about 1 minute, 
approximately 60 times faster than the exhaustive 
search. The best design found by Basin-hopping was 
slightly superior to the one obtained by the exhaustive 
search. 

However, a limitation of Basin-hopping is the risk of 
missing the global extremum if the algorithm does not 
"hop" into the region where it exists. To mitigate this 
risk, multiple start points could be used to initiate 
several different search paths, thereby increasing the 
likelihood of finding the global extremum. 

An optimal design, identified as Design 11 in Table 1, 
was found using Basin-hopping. This design features a 
thin airfoil with an approximately flat upper surface that 
is less curved than the lower surface. The lift generated 
by this airfoil primarily comes from the pressure applied 
to the forward half of the lower surface. The 
aerodynamic performance of this airfoil was further 
analyzed through polar diagrams showing the drag 
coefficient, lift-to-wave drag ratio, and pitching moment 
versus the lift coefficient. These results provided 
valuable insights into how the design met the 
requirements and achieved excellent aerodynamic 
performance. 

This study presents an efficient approach to finding 
optimal designs, combining an algorithm for computing 
aerodynamic performance numerically with another for 
finding the global extremum. This methodology may 
also be applied to efficiently find optimal designs of 
similar airfoils under different constraints. 
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