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1. INTRODUCTION

The theory of inequalities and fractional calculus have
indeed been subjects of extensive research and
investigation in mathematics. Fractional calculus
enriches our mathematical toolkit by extending
classical ideas to non-integer orders, leading to a
deeper understanding of various phenomena and
providing more accurate models for real-world
processes. The wuse of fractional operators in
mathematical modeling offers a more nuanced and
realistic approach to understanding systems with
memory and non-local interactions. Researchers and
practitioners continue to explore and refine these
models to address specific challenges in diverse fields.
As examples, consider the third-order BVP with
multistrip multi-point conditions [1], the fractional HIV
model with the Mittag-Leffler-type kernel [2], the
fractional dynamics of the mumps virus [3], the fractal-
fractional version of the AH1N1/09 virus along with the
fractional Caputo-type version [4].

There are many other important inequalities in
mathematics the Hermite-Hadamard inequality is one
of these. The Hermite-Hadamard inequality is a
mathematical inequality named after Charles Hermite
and Jacques Henri Hadamard. We mentioned
trapezoidal inequalities arising from the Hermite-
Hadamard inequality. These could be specific
applications or refinements of the Hermite-Hadamard
inequality involving trapezoidal functions or techniques.
In the few decades research in this area likely involves
exploring different aspects of the Hermite-Hadamard
inequality, such as generalizations, applications to

various functions, and connections with other
mathematical concepts. The introduction of these
fractional integrals into inequalities, such as the
Hermite-Hadamard inequality  and trapezoidal

inequalities, indicates a broader trend in incorporating
fractional calculus. Additionally, Yang et al. [5]
established the midpoint-type inequalities for the case
of twice differentiable functions and given application to
matrix inequalities. Junjua et al. [6] obtained the
trapezoidal-type inequalities for the case of twcie
differentiable functions using the C-F (Caputao-
Fabrizio) fractional integrals. Hasan et al. [7] proved the
trapezoidal-type inequalities for the case of twice
differentiable functions through the Conformable
fractional integrals. Dumitru et al. [8] derived the
trapezoidal-type inequalities for the case of
differentiable functions employing the generalized
fractional integrals. Fatih et al. [9] presented the new
error bounds on trapezoidal-type inequalities utilizing
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the Conformable fractional integrals. Moreover,
Sarikaya ef al. and Mohammed et al. obtained the
trapezoidal-type inequalities using fractional operator in
[10, 11]. Furthermore, Wagqar et al. [12] generalized the
trapezoidal-type inequalities for h-Godunova-Levin. For
more, information on trapezoidal-type inequalities for
fractional operators see these articles [13, 14].

The concept of fractional derivatives has gained
significant attention and interest from researchers in
recent years. The development of fractional integration
operators and their applications highlight the
interdisciplinary nature of this mathematical concept.
Khalil et al. [15] established a novel well-behaved
fractional derivative, called the conformable derivative,
using simply the concept of the fundamental limit
formulation for derivatives. The derivative Caputo
yields some applicable features that are not obtained
for the Riemann-Liouville operators. However,
Jamshed et al. [16] obtained the new error bounds on
Ostrowski-type inequalities for preinvex function. Budak
et al. [17] proved the Ostrowski-type inequalities using
generalized fractional integrals. Budak et al. [18]
generalized Ostrowski-type inequalities employing the
co-ordinated convex functions for fractional integrals.
Qayyum et al. [19] derived the Ostrowski-type
inequalities for weight functions. Saleem et .al [20]
presented the Ostrowski-type inequalities for quadratic
kernel. For more, information on these type of
inequalities for fractional operator see these articles
[21-24].

On the other hand the concept of convexity has a rich
history in ancient times. The theory of convexity has
found extensive use and significance in a wide range of
modern mathematical disciplines, including real
analysis, functional analysis, linear algebra, and
optimization. Theory of inequalities, where the idea of
convexity is crucial for enhancing the estimation
bounds of various kinds of integral inequalities [25, 26].

2. PRELIMINARIES

Definition 1 If f: I — R is said to be convex on I if:
fta+ (1 —t)b) <tf(a) + (1 —t)f(b).

for all (a,b) € I and t € [0,1].

Definition 2 [27] If f:1 - R is said to be h -convex
function or (f € SX(h, 1)) if the inequality holds:

f(ta+ (1 —-10)b) < h(a)f(a) + h(1 — a)f (b),

foralla,b €I, a € (0,1) and t € [0,1].
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Definition 3 [28] If f:I->R is said to be
Trigonometrically-convex function if the inequality
holds:

f(ta+ (1 - )b) < sin ( ) )f(a) + cos( )f(b)

for all abel and te€[0,1]. Additional every
Trigonometrically-convex function is h -convex function

with h(t) = sin (”f)

to be
the

is said
function if

cos (”Tt)

Additional every
function is

Definition 4 [29] If f:I<R->R
Exponential trigonometric-convex
inequality holds:

(%)

flta+ (1 -1t)b) < ——f(a) + —==

f(b),

for all abel and te[01].
Exponential  trigonometric  convex
trigonometrically convex function.

Both the Caputo and Riemann-Liouville fractional
derivatives have found applications in various scientific
and engineering disciplines, providing a powerful tool
for modeling and analyzing complex systems with
memory effects or nonlocal interactions.

Definition 5 [30] Suppose f € Lla,b]. The
leftwhiteiand right-sidedwhiteiRiemann-Liouville
fractionalwhiteiintegrals of order a > 0 defined by:

1 X
12‘+f(X) = mj (x —)*f(t)dt, x> a,

1 b
I-f(x) = mj (t —x)*71f(t)dt, x <b.

where TI'(a) is the gammawhiteifunctionwhiteiand
Iof@®) = I-f(©) = f(©).
Definition 6 [31] Let H'(a,b) be
thewhiteiSobolevwhiteispace of  orderwhiteione
defined as
H'(a,b) ={g € I*(a,b): g € L*(a,b)}.
where
1
b 2
L?(a,b) = g(z):(f gz(z)dz> < 0,

a

Let fe€HYab), a<b, a€]0,1], thenwhiteithe

notionwhiteiof left derivative in the sensewhiteiof
Caputo-Fabrizio iswhiteidefined as:
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—a(x—t)%

B(a) Foe =t

(Do == |

a

dt.
x > a and the associatedwhiteiintegral operator is

C &1°HE) =

a X
S+ o

l)’ (a
where B(a) >0 is
thewhiteinormalizationwhiteifunction satisfying
pO)=p(1)=1. For a = 0 and a=1, the
leftwhiteiderivative iswhiteidefined aswhiteifollows,

respectively
( &PD°H) = f (),
C @D =f) - f(@.
For the right derivative operator

—atx

( ﬁ”’D"‘f)()—B()f Foe = g

x < b and thewhiteiassociated integralwhiteioperator
is

b
(CFIEN@) = ﬁ( 00+ s f fyde.
where B(a) >0 is a normalization function that
satisfies B(0) = p(1) =1

Motivated by the ongoing research, the main goal.in
this.paper is to establish a new integral identities using
the fractional operator. By using these new identities to
proved the error bounds of Ostrowski-type, and
trapezoidal-type inequalities for C-F(Caputao-Fabrizio)
fractional operator. Based on these identities, we
developed the novel inequalities are obtained for
trigonometric convex functions and exponential
trigonometric convex functions.

3. OSTROWSKI-TYPE INEQUALITIES
TRIGONOMETRIC-CONVEX FUNCTION

FOR

In this section, we prove the Ostrowski-type inequalities
for trigonometric convex functions. We apply the
Caputo-Fabrizio operator to attain these inequalities. To
obtain Caputo-Fabrizio fractional integral Ostrowski-
type inequalities, we require the following Lemma:

Lemma 1 Suppose ISR, f:I>R be a twice
differentiable mapping on I° where a,b € I° with a < b
and f" € L[a, b], then the following fractional equality is
proved:

2(1-a)

a+by .
(x=57) F 0~ ) — =gy F 0
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B(a) e a
+m[( SF1*fY(k) + (CFIFF) (k)]
_(x—a)3 1
" 2(b—a) o

t2f"(tx + (1 — t)a)dt

(b—x)3 (1
2(b—a)l,

t2f"(tx + (1 — t)b)dt.

where S(a) > 0 is a normalizer function.
Proof. Let

(x—a)® (* .
m . t f (tx+(1—t)a)dt
(b-x)°( .
m . t f (tx+(1—t)b)dt
x-a)  (b-x)°
20— 20— ¥

By using the integration by parts, we have

I = fl t2f"(tx + (1 — t)a)dt

1

=xt_2af'(tx+(1—t)a)

0

‘xiafol tf (tx + (1 - Da)dt
=3{’Ex3;_xia[xiaf'(tx+(1—t)a):

‘xiafol f(tx+(1—t)a)dt]
=%_%+uf@3ﬁf fwdu. (3.1)

Multiplying the equality (2?) with “~% and divided by
b — a both sides, we get

(x —a)®
12(b—a)

_ f0)x—a)? _ 2fx—a)’
T2b-a)(x—a) 2(x—-a)?(b-a)

1 x
+mfa f(u)du

_ fOE-a?  f@k-a) | 1 (x
= - J. fdu

2(b—-a) b—a b—a

(3.2)

Similarly, we have
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I, = fl t2f"(tx + (1 — t)b)dt

2 1

f'(tx + (1 = t)b)

b—x o
2 [ ’ 1 b)d
+mf0 tf (tx + (1 —t)b)dt
f 2 [ -t o, !
_b_x+b_x[b_xf(tx+(1—t)b)0

L[ 1 b)d
+mf0 f(tx+(—t))t]

_ o 2f® 2 (b
= oo T oo [, fadu.

(3.3)
Multiplying the equality (?) with 2~ and divided by
(b — a) both sides, we get

(b-x)3°  —f )b —x)? _ 2f@B-x)°
22(b—a) 2b-a)(b—x) (b-x)?%2(0b-0a)

1 b
+—(b — a)f fwdu

_ —f0-0%  f)b-x) 1 b
=0 s + s fx fwdu. (3.4)
Adding the equalities (?7?) and (??), we get
(x —a)® (b —x)?
o=t 20-0
fx—-a)3? f)(x—a) 1 (%
- 2(b —a) " b-a +b—afa fdu
fb—-x?2 fe)(b—x) 1 (P
B 2(b—a) " b-a +b—afx fadu

(x—a)* (b-x)* .
=<2(b—a)_2(b—a)>f(x)

—f@) (=2 +) + o [ fwdu. (3.5)
Adding B(Zof)l(‘b"fa) f(k) both sides the equality (2?), we
have

(x —a)d (b —x)3 2(1 —a)

L0 -o 200 T Fwe o’ ®

(x—a)> (b-—2x)2%\ ., x—a b-—x
=(2(b—a)_Z(b—a)>f(x)_f(x)(b—a+b—a>
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p(@)
+a(b—a)</3( )f Fadu + s £

b f Fadu + =% £ i)
B(a) k B(a)

(x—a)? ((Bb-x)?\ . x—a b—x
=(2(17—‘1)_Z(b—a)>f(x)_f(x)(b—a+b—a>
B(a) . .
ab—a) [( SFI9F)(k) + (CFIZP) ]

Thus, we have

a+by 21-a)
(-5 )f(x)—f;(c)) =
CFja
e EAL0
+ (CFIFf)(k]
- [t
= 20— ) ; t°f (tx + (1 — t)a)dt
(b~ )’ 2f" b)d
+m0 t*f (tx + (1 — t)b)dt.

The proof of Lemma 1 is completed.

Theorem 1 Given the validity of Lemma 1. If |f"]| is
trigonometrically convexwhiteion [a, b], then
thewhiteifollowing fractional inequality is established:

("‘i)f () =00 = ((1 ;f(k)
* ag?( 2 o€ &N + <CF1£‘f)(k)]|
s e ]
+§Zb__x2; el + I (b)|]

Proof. By using thewhiteiLemma 1,
trigonometrically convex, wewhiteihave

(x_a 2(1-a)

ab-a)
B(a)
a(lb — a)
(x -a)?
=20 -,

since [f"]| is

) Feo - e - W)

+

[C &1 ) + (CFIy f)(k)]‘

E2|f"(tx + (1 - t)a)|dt

(b —x)°

Z(b a5 t2|f”(tx+(1—t)b)|dt
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S% ) tz(sm( >|f (€3]
+cos(—> If’ (a)|>dt
+§lzb——_le; ) tz(sm( >|f (€3]
+cos( >|f (b)|>dt
(x —a)?

([ esnF)Irwl

+ fol t? cos (7> |f"(a)|>dt
(b —x)*

+m<fol t? sm( >|f (€3]
+f1 t? cos (—) |f"(b)|>dt

—2(b—a)

- 8

<5 “a)["ng ool + 20 (a)|]
—x)° [8m —

+2(b a)[ — o+ |f(b)|]

The proof of Theorem 1, is completed.

Corollary 1 If we choose x = azlb in Theorem 1, then
we get

ﬁ(a) Fla a a+b
2\ g’f)(k)+(C'Flbf)(k)]—f( - )
2(1 (k)|
=o'

b —
< 4a) ( Sa(r @]+ 1F®))

+4n—8| ,,(a+b>|

w3 f 2 '

Theorem 2 Under the assumptions of Lemma 1 holds.
If |f"|%is trigonometrically convexwhiteion [a,b] and

q>1, thenwhiteithewhiteifollowing fractional
inequality is proved:

2(1-a)

( )f(x) fx) — TG a)f(k)
* a(i( 2 olC &N + <CF1£‘f)(k)]|
< [E D (rwl+ @l
Sgb (|f()|q+|f(b)|)]

"=

"

X
Zp
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Proof. By using the Lemma 1, with the help of Hélder B(a) o a a+b
inequality and trigonometrically convexity of |f"]*, we a(b —a) [C &1 + (CFIF (] _f( 2 )
have 2(1
alb = )f(k)|
2(1—-a)
(e~ 22) 00 - £ - 2= p0
a(b—a) 5 1
ooy
B(a) =716 \on
[C §F1°F)U) + (CFIy f)(k)]|
a(b —a) 1
.(a+b 2 " 2 2
—a)3 - +
;Eb a()l) E2|f"(tx + (1—t)a)|dt * l<|f ( 2 ) @] >
b-x?(t . N Y
+2(b 2 t2|f"(tx + (1 — ©)b)|dt +<|f (az ) +|f ) >]

s%l([ tdet>§<f01 TRG: Corollary 3 If we choose f'(a) =f'(b) = f' (‘”b) in

Corollary 2, then we get

+(1_t)“)‘“|th>1 PO 1 griepyao + crigpaol - £ (S32)
a(b —a) a b 2
2(1 —
b=/ v/ a((b a)f( )|
YD _xa) l(f tZPdt> (f |f"(ex
° ’ 1 (b—a)2 7 ./a+bh
+(1—t)b)dt|th>1 =78 (5n> f ( 2 >|
Theorem 3 Under the of Lemma 1 holds. If [f"|%s

trigonometrically convexwhiteion [a,b] and g > 1,

(x — a)? v % 1 T q thenwhiteithewhiteifollowing fractional inequality is
<— f t?Pdt f (sm (?> T€3] constructed:
0 0

2(b —a)
: ( 2(1-a)
+COS( >|f( )| ) >

) - £~ S )

Y P +aé())[( CFI“f)(k)+(CF1,‘j‘f)(k)]|
s ”
S > ([ o
(x—a)3< ) l8n
<
+cos |f (b)| ] =2(b—a)\3 3 | (X)l
+2n —16|f( )| l
( a
Zjéb (If( )|q+|f (a)| )q
(b a 3 1——
(If( " + 1@ )‘I] (b —x) 8 — .
Z(b +2(b—a)( ) |f( )l
1 Vo (2ye Vo e
X(2p+1> (;) ' + )| ]

The proof of Theorem 2, is finished. Proof. By using whitei the Lemma 1, with the help of

whitei power-mean inequality whitei and

a+b .
Corollary 2 If we choose x === and p =g =2 in trigonometrically convexity of |f''|7, wewhiteihave

Theorem 2, then we get
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(=57 - 1) - 2=
B( ) Fra a
2 (b — )[( &1 f)(k)+(CF1bf)(k)]|
<-— (x —a)° t2|f"(tx+(1—t)a)|dt
2(b—a) ),
(b —x)? Sl o
T 3. t2|f"(tx + (1 — t)b)|dt

(x — a)? 1 1—% 1 .
sl e e

+(1- t)a)dt|th>1

P P
+m[<f ”‘“) (f e

+(1- t)b)dt|th>1

S%l([: tzdt>1_a<f01 tz(sm( )|f()|q
eos() |f~<a>|q)dtf]

() (] e loior
e eos ()l )‘]
=

2m2 — 16, qﬁ
+T|f (@]

NG O e
2m?

-16, , q%
+T|f(b)|]-

CIF el

CIF el

This whitei completes whitei the proof.

Corollary 4 If whitei we choose q =1 in whitei
Theorem 3, then we get Theorem 1.

Corollary 5 If whitei we choose x = aTer andp=q=2
in whitei Theorem 3, then we get

ﬁ(a) Fla a a+b
a1 + (CFI f)(k)]_f( ! )
21— a) .
=S|

T e

2n2—16, , _2\2
+T|f (@]
1
N 87t—16| ,,(a+b>2+27r2—16| ,,(b)|2 2
3 f 2 3 f '

Corollary 6 If we choose f'(a) = f'(b) = f' (‘”b) in
Theorem 3, then we get

b
a([z(a) 2B —alC &1 + CFIEHUOI - f (a; )
2(1
000

- (b —8a)2 @)% (nz + iz - 16> |f" (a ;— b>|

4, TRAPEZOID-TYPE INEQUALITIES FOR

EXPONENTIAL TRIGONOMETRIC-CONVEX
FUNCTIONS
In this section, trapezoid-type inequalities are

established for exponential trigonometric convex
functions by means of Caputo-Fabrizio integrals. To
develop these inequalities first, let's create the
following lemma:

Lemma 2 Suppose ISR, f:I>R be a twice
differentiable mapping on I° where a,b € I° with a < b
and f" € L[a, b], then the following fractional equality is
proved:

f@+fb)  Ba)

[C &1 ) + (CFIF K]

2 _a(b a)
21— a) i
a(b )f( )
<L - at - o

Proof. By using the integration by parts, we have
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I = fl (t—t)f (ta+ (1 —t)b)dt

__g_ )f(ta+(1—t)b)

L 01 20)f
+mf0 (1—-2t)f (ta
+ (1 —t)b)dt

[ 1-20)f 1-t)b)d
=5==)  G-2rCata-ona

2 ' 1 b)d
[ ek a-ona

f(a) + f(b)
= b= a)? (b—a)zf f(ta+ (1 —t)b)dt
(a)+f(b) b
=%_ﬁfa f(u)du (41)
Multiplying the equality (??) with =2~ and adding

2
The proof of Lemma 2 is completed.

2(1-a) .
Fw-a/ (k) both sides, we get
(b-a)* 2(1-a)
2 "Bwe-a
f(a) + f(b) 1 b 2(1 - a)
R _b—afa f(”)d”+mf()
_f@+fB)  p@
- 2 a(b —a)
(1-a)
X(ﬁ( )f fdu - B(a) £
(1-a)
"B )f fdu - B(a) ﬂk))
f(a) + () B(a) - .
- 2 “alb—a) [C & 10U + (CFIg ()]
Thus, we have
fla) + () B(a) - .
2 _a(b )[( d1H)U) + (CFIF ()]
2(1 — a)
(b—a)? )
= f (t —t®)f (ta+ (1 —t)b)dt.
0
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Theorem 4 Given the validity of Lemma 2. If |f"] is
exponential trigonometric convex whitei on [a, b], then
the whitei following fractional inequality is established:

f(a) + f(b) B(a) o a
T )[( L)) + CFIEP O]
2(1 (k)|
=o'
(b — a)? (96m? — 25me™! — 4n* — 64 .
= 2 ( (2 + 4)3 >A(|f (a)|

+|£®)).

Proof. By using whitei the whitei Lemma 2, we whitei
have

f@+f®) Bl Fle 3
2 B s [( SFI*f)(k) + (CFIZf) (k)]
2(1 k
e f( )|
¢ _za)zfo e = e?1|f"(ca + (1 = Ob)|dt

. tt

bh—a)? [t sin(—-
SO L (_z)
2 o elt

If'(@)|

Tt
cos (=
+ e(tz ) |f"(b)|> dt
- (b —a)?[[/96n? — 25me™ — 4n* — 64 @)
=73 (72 + 4)3 fa)
9612 — 25me~! — 41t — 64\, , b
(b — a)? (96m? — 25me™! — 4n* — 64 .
= 2 ( (2 + 4)3 >A(|f (a)|
+ "))

This whitei completes whitei the proof.

Theorem 5 Under the assumptions of Lemma 2 holds.
If |f"|%is exponential trigonometric whitei convex on
[a,b] and g > 1, then whitei the whiteif ollowing
fractional inequality is proved:

f(a) + f(b) B(a) o .
e )[( IR + (CFIEN ()]
2w
=S|
(b—a)2 1 pel48\T 1. . .
< Bp(p+1p+1)< — 2 ) Al(|f @]

+|F ®]|h.
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Proof. By using the Lemma 2, with the help of Hélder
inequality and exponential trigonometric convexity of

Proof. By using whitei the Lemma 2, with the help of
whitei power-mean inequality whitei and exponential

IF']?, we have

f@+fm Bl
2 “alb—a)
20—

a(b —

[C &1k + (CFIF (k)]

)f(k)|

Gk
2

f It — ¢2||f"(ta + (1 — t)b)|dt

1

( f "o tz)p>” (If"(ta + (1 = OB)|")7dt

[ ooy
sin (” )

GOk
2

|

Lb-a)?
2

1
X f
0

Gk
2

n %
IF'@]|* + ( )If ‘| |d

Bp(p+1 14

21'[6_1 +4, . q
+1) (ﬁ If @)
1

2T
i (b)l")

+—
m? + 4

1
4mwe ! + 8\a

b—a)? L
( ) 7T2—_|_4> A" @]

Bp(p+1 p+1)<
+]£ ®|).

This whitei completes whitei the proof.

Theorem 6 Under the assumptions of Lemma 2 holds.
If |f"|%s exponential trigonometric convex whitei on
then whitei the whitei following

[a,b] and q =1,
fractional inequality is constructed:

trigonometric convex of |f"'|4, we whitei have

f@+fb) Bl e «
5 ~ b= )[( F1Uf) k) + (CFIF (k)]
21— a)
o f(k)|
s(b_za)zfol It — 2| "(ta + (1 — £)b)|dt
b — a)? 1 1_3 1
e o))
—tD)|f"(ta + (1 - t)b)dt|th>a dt
b — a)? 1 1_3
S( 2a) (fo (t_tz))
1 sin nt
X f (t - t?) el(_f)lf"(a)lq
+ e(t2)|f"(b)|q

—4(n? + 4)2 — 128m(2e !
(n2 + 4)3

LELAEN(E

—4(m?+4)? - 128n(2e ' —m)\, . q %

<)

(—4—(77.’2 +4)2 —1287(2e™! — 1)
X

- ”)) If @)

)Aﬁ(lf'ta)lq

(m? + 4)3
" q
f@+fk)  B@) . +F'®I").
" = )[( 1N + CFIENH K]
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a(b —a) 5. CONCLUSION
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(b —a)z( ) q Novel error bounds and estimates of Ostrowski-type
= 2 12 and trapezoidal-type inequalites have been
established for Caputo-Fabrizio fractional integrals

under twice-differentiable functions. These inequalities
have been further applied to trigonometric and
exponential trigonometric convex functions, broadening
their scope of applicability.
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It is anticipated that future studies in fractional calculus
will extend similar Ostrowski-type and trapezoidal-type
inequalities to other fractional operators, such as
conformable and tempered fractional integrals, as well
as coordinated preinvex functions. Furthermore, the

exploration of these derived

inequalities through

various classes of convexity is suggested as a potential
avenue for research.

CONFLICT OF INTEREST

Not Applicable.

FUNDING

Not Applicable.

ETHICAL APPROVAL

Not Applicable.

INFORMED CONSENT

Not Applicable.

REFERENCES

(1

(2]

(3]

[4]

(5]

[6]

[71

Alsaedi A, Alsulami M, Srivastava HM, Ahmad B, Ntouyas S.
K. Existence theory for nonlinear third-order ordinary
differential equations with nonlocal multi-point and multi-strip
boundary conditions. Symmetry 2019; 11(2): 281.
https://doi.org/10.3390/sym 11020281

Aslam M, Murtaza R, Abdeljawad T, Rahman GU, Khan A,
Khan H, Gulzar H. A fractional order HIV/AIDS epidemic
model with Mittag-Leffler kernel. Advances in Difference
Equations 2021; 2021: 1-15.
https://doi.org/10.1186/s13662-021-03264-5

Mohammadi H, Kumar S, Rezapour S, Etemad S. A
theoretical study of the Caputo—Fabrizio fractional modeling
for hearing loss due to Mumps virus with optimal control.
Chaos, Solitons & Fractals 2021; 144: 110668.
https://doi.org/10.1016/j.chaos.2021.110668

Etemad S, Avci |, Kumar P, Baleanu D, Rezapour S. Some
novel mathematical analysis on the fractal-fractional model
of the AH1N1/09 virus and its generalized Caputo-type
version. Chaos, Solitons & Fractals 2022; 162: 112511.
https://doi.org/10.1016/j.chaos.2022.112511

Yang H, Qaisar S, Munir A, Naeem M. New inequalities via
Caputo-Fabrizio integral operator with applications. Aims
Mathematics 2023; 8(8): 19391-19412.
https://doi.org/10.3934/math.2023989

Junjua MUD, Qayyum A, Munir A, Budak H, Saleem MM,
Supadi SS. A study of some new Hermite-Hadamard
inequalities via specific convex functions with a Applications.
Mathematics 2024; 12(3): 478.
https://doi.org/10.3390/math12030478

Kara H, Budak H, Etemad S, Rezapour S, Ahmad H, Kaabar
MK. A study on the new class of inequalities of midpoint-type
and trapezoidal-type based on twice differentiable functions
with Conformable Operators. Journal of Function Spaces
2023; 2023.

https://doi.org/10.1155/2023/4624604

75

(8]

9]

[10]

(1]

[12]

[13]

[14]

(18]

[16]

(171

(18]

[19]

(20]

[21]

[22]

Baleanu D, Mohammed PO, Zeng S. Inequalities of
trapezoidal type involving generalized fractional integrals.
Alexandria Engineering Journal 2020; 59(5): 2975-2984.
https://doi.org/10.1016/j.a2ej.2020.03.039

Hezenci F, Budak H. ovel results on trapezoid-type
inequalities for conformable fractional integrals. Turkish
Journal of Mathematics 2023; 47(2): 425-438.
https://doi.org/10.55730/1300-0098.3371

Sarikaya MZ, Set E, Yaldiz H, Basak N. Hermite-Hadamard’s
inequalities for fractional integrals and related fractional
inequalities. Mathematical and Computer Modelling 2013;
57(9-10): 2403-2407.
https://doi.org/10.1016/j.mcm.2011.12.048

Mohammed PO, Sarikaya MZ. On generalized fractional
integral inequalities for twice differentiable convex functions.
Journal of Computational and Applied Mathematics 2020;
372: 112740.

https://doi.org/10.1016/j.cam.2020.112740

Afzal W, Abbas M, Hamali W, Mahnashi AM, Sen MDL.
Hermite-Hadamard-type inequalities via Caputo-Fabrizio
fractional integral for h -Godunova-Levin and (h1,h2) -
Convex Functions. Fractal and Fractional 2023; 7(9): 687.
https://doi.org/10.3390/fractalfract7090687

Nasira J, Qaisarb S, Qayyumc A, Budakd H. New results on
Hermite-Hadamard type inequalities via Caputo-Fabrizio
fractional integral for s -convex function. Filomat 2023;
37(15): 4943-4957.

https://doi.org/10.2298/FIL2315943N

Fahad A, Nosheen A, Khan KA, Tarig M, Mabela RM, Alzaidi
AS. Some novel inequalities for Caputo Fabrizio fractional
integrals involving (a,s) -convex functions with applications.
Mathematical and Computer Modelling of Dynamical
Systems 2024; 30(1): 1-15.
https://doi.org/10.1080/13873954.2023.2301075

Khalil R, Al Horani M, Yousef A, Sababheh M. A new
definition of fractional derivative. Journal of Computational
and Applied Mathematics 2014; 264: 65-70.
https://doi.org/10.1016/j.cam.2014.01.002

Nasir J, Qaisar S, Butt SI, Qayyum A. Some Ostrowski type
inequalities for mappings whose second derivatives are
preinvex function via fractional integral operator. Aims
Mathematics 2022; 7(3): 3303-3320.
https://doi.org/10.3934/math.2022184

Budak H, Hezenci F, Kara H. On parameterized inequalities
of Ostrowski and Simpson type for convex functions via
generalized fractional integrals. Mathematical methods in the
Applied Sciences 2021; 44(17): 12522-12536.
https://doi.org/10.1002/mma.7558

Budak H, Hezenci F, Kara H. On generalized Ostrowski,
Simpson and Trapezoidal type inequalities for co-ordinated
convex functions via generalized fractional integrals.
Advances in Difference Equations 2021; 2021(1): 1-32.
https://doi.org/10.1186/s13662-021-03463-0

Qayyum A. A weighted Ostrowski-Griss type inequality for
twice differentiable mappings and applications. Int J Math
Comput 2008; 1: 63-71.

Saleem MM, Ullah Z, Abbas T, Raza MB, Qayyum A. A new
Ostrowski’s type inequality for quadratic kernel. International
Journal of Analysis and Applications 2022; 20, 28-28.
https://doi.org/10.28924/2291-8639-20-2022-28

Rashid S, Noor MA, Noor KlI, Chu YM. Ostrowski type
inequalities in the sense of generalized K -fractional integral
operator for exponentially convex functions. Aims
Mathematics 2020; 5(3): 2629-2645.
https://doi.org/10.3934/math.2020171

Gurbuz M, Tasdan Y, Set E. Ostrowski type inequalities via
the Katugampola fractional integrals. Aims Mathematics
2020; 5(1): 42-54.

https://doi.org/10.3934/math.2020004




(23]

[24]

(23]

(26]

[27]

Journal of Basic & Applied Sciences, 2025, Volume 21

Budak H. Weighted Newton-type inequalities for various
function classes via Riemann-Liouville fractional integrals,
Communications in Calculus Analysis, Special Functions and
Mathematical Physics 2024; 1(1): 24-41.

Budak H. New Version of Simpson Type Inequality for ¥ -
Hilfer Fractional Integrals. Advances in Analysis and Applied
Mathematics 2024; 1(1): 1-11.
https://doi.org/10.62298/advmath.3

Jensen JLWV. Sur les fonctions convexes et les in egalit es
entre les valeurs moyennes. Acta Mathematica 1906; 30(1):
175-19.

https://doi.org/10.1007/BF024 18571

Mihe VG. A generalization of the convexity, Seminer on
functional equations, approximation and convexity,
clujnapoca. Romania 1993.

VaroSanec S. On h-convexity. Journal of Mathematical
Analysis and Applications 2007; 326(1): 303-311.
https://doi.org/10.1016/j.jmaa.2006.02.086

76

(28]

[29]

(30]

[31]

Kadakal HURIYE. Hermite-Hadamard type inequalities for
trigonometrically convex functions. Sci Stud Res Ser Math
Inform 2018; 28(2): 19-28.
https://doi.org/10.18514/MMN.2018.2066

Kadakal M Iscan |, Agarwal P, Jleli M. Exponential
trigonometric convex functions and Hermite-Hadamard type
inequalities. Mathematica Slovaca 2021; 71(1): 43-56.
https://doi.org/10.1515/ms-2017-0410

Gorenflo R, Mainardi F. Fractional calculus: integral and
differential equations of fractional order, Springer vienna
1997; 223-276.

https://doi.org/10.1007/978-3-7091-2664-6_5

Caputo M, Fabrizio M. A new definition of fractional derivative
without singular kernel. Progress in Fractional Differentiation
Applications 2015; 1(2): 73-85.




