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Abstract:  
 
In this study, we conducted a sensitivity analysis to determine the optimal design of a 
supersonic airfoil. The design includes four independent variables: angle of attack, 
thickness of the upper surface, and the locations of the upper and lower surfaces' 
maximum thicknesses. The output is the maximum lift-to-wave drag ratio. First, we 
used a first-order Taylor approximation to analyze the impact of each design variable 
on the output. The first three variables have similar effects, while the fourth has less 
influence. Next, we applied a second-order Taylor approximation to further explore how 
each variable affects the output and the response function near the optimal design 
point. The results show that small variations in the design variables lead to minor 
changes in airfoil performance. We also identified the variable ranges around this point 
that satisfy the constraints through numerical calculations. Finally, we compared our 
approach with factorial design, a common sensitivity analysis method, and found that 
Taylor approximations offer a more detailed theoretical explanation of the results.  
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1. INTRODUCTION  

In practice, the dimensions of a manufactured structure 
may deviate from the designed specifications due to 
manufacturing errors. For safety reasons, it is crucial to 
understand how these variations impact the structure's 
performance. Additionally, when a design is influenced 
by numerous factors, it becomes essential to identify 
the most critical ones. Without this, conducting 
experiments or simulations to identify the necessary 
parameters for establishing a predictive model of 
system behavior under varying conditions can become 
overly complex and time-consuming. Therefore, 
sensitivity analysis plays a key role in engineering 
design. It helps to assess how changes in input 
parameters impact the system's output and identifies 
the most significant factors influencing performance. 

Factorial design is widely used for sensitivity analysis in 
various engineering problems [1,2], such as the 
designs of aerodynamic off-takes [3-6] and ducts [6], 
the optimization of plasma etching processes in 
semiconductor manufacturing [2], and the 3D printing 
of composite structures [7] and polymeric auxetic 
structures [8]. This approach involves systematically 
varying multiple input variables simultaneously to 
assess their individual and combined effects on the 
output. As noted in [9], this method was already used in 
the 19th century for fertilizer trials. It was developed 
from the statistical perspective, aimed at finding the 
effects of various factors and their interactions on the 
output [10]. For this purpose, a set of experiments was 
designed, and the combinations of experimental results 
were analyzed to determine these effects [10-12,1,2]. 

The 2k and 3k factorial designs are frequently used to 
construct first- and second-order models [10-12,1,2], 
where k denotes the number of input parameters in a 
model. In the 2k factorial design, the output is assumed 
to depend linearly on each factor and their interactions. 
The minimum and maximum values of each factor are 
considered. If there are two factors, their minimum and 
maximum values create 22=4 possible combinations, 
requiring 4 tests. Based on the assumption of linearity, 
the results are used to determine which factor or 
interaction has significant effect on the output. When 
the output exhibits a nonlinear relationship with the 
factors, a nonlinear model should be developed, with 
the simplest being a second-order model. In this case, 
using the 3k factorial design, the minimum, mean, and 
maximum values of each factor are considered, 
resulting in 3k possible combinations. Accordingly, 3k 
experiments are conducted. The coefficients of the 

second-order model are then determined using the 
experimental data and regression techniques, such as 
least-squares estimation. 

Airfoils are well known to significantly impact the 
performance of aerodynamic bodies, such as aircraft 
[13-16], helicopters [17,18], micro-air vehicles [19,20], 
propellers [21,22], and wind turbines [23,24]. 
Fluctuations of angle of attack and manufacture defects 
could result in a dramatic change of the aerodynamic 
performance of an aircraft. Factorial designs can be 
applied to assess the robustness of airfoil designs. 
Recently, we determined the optimal design of a 
supersonic aircraft’s airfoil [25]. In this study, we aim to 
conduct a sensitivity analysis of this design to examine 
how small variations affect the aerodynamic 
performance of the corresponding airfoil. Rather than 
directly applying the factorial design method, we utilize 
first- and second-order approximations of the objective 
function derived from Taylor expansion. We also 
explore their relationships with the 2k and 3k factorial 
designs.  

This paper is outlined as follows. Section 2 presents 
the development of the first- and second-order models 
based on Taylor expansion and factorial designs. 
Section 3 introduces the optimal design problem. 
Section 4 discusses the sensitivity analysis of the 
design, and Section 5 provides a summary and 
conclusion of the study. 

2. PROBLEM DEFINITION 

Consider an airfoil for a supersonic aircraft (Figure 1). 
The airfoil features a thin section formed of either 
angled panels or opposed arcs with sharp leading and 
trailing edges. A rectangular coordinate system is 
established, with the x-axis aligned along the chord of 
the airfoil and the y-axis perpendicular to it. The origin 
is located at the leading edge of the airfoil. Let tu and tl 
represent the maximum thicknesses of the upper and 
lower surfaces, respectively. The total thickness t of the 
airfoil is related to tu and tl by t= tu+tl. Let !! denote the 
lift coefficient, and !! represent the wave drag 
coefficient. Use ! to denote the angle of attack, which 
is the angle between the chord of the airfoil and the 
incoming airflow. The airfoil’s dimensions are 
nondimensionalized with respect to the chord length, 
which is normalized to 1. In [25], an optimal design for 
the supersonic airfoil was derived based on the 
following six constraints: 

i. t =0.1; 

ii. !! ≥ 0.3; 
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iii. |!! | ≤ 0.1 

iv. 1/3≤ !! ≤2/3;  

v. 1/3≤ !! ≤2/3; and 

vi. 0o≤ ! ≤10o. 

The design Mach number is 3.0, meaning the aircraft’s 
speed is three times the speed of sound. There are 
four design variables: !, tu, !!, and !!. The objective 
function is  

!(!, !!, !!, !!)= !!
!!

.           (1) 

The goal is to find a set of these design variables that 
maximizes !!

!!
, while ensuring that all six constraints are 

satisfied. Three algorithms have been used in [25] to 
determine an optimal design. The first algorithm was 
developed to numerically calculate !! and !! using 
shock/expansion wave theory [26]. The second and 
third algorithms-Exhaustive search [27] and Basin-
Hopping [28,29]-were then applied to solve the 
corresponding optimization problem. The Basin-
Hopping provided the best optimal design with high 
efficiency. The optimal design resulted in a !!

!!
 value of 

3.312, with the following design parameters: !=9.82o, 
tu=0.024, !!=0.667, and !! =0.500. 

Due to manufacturing constraints, the geometrical 
dimensions of the fabricated airfoil, such as !!, might 
have errors of a few percent. This raises the question: 
how do small variations in the design variables affect 
the !!

!!
 ratio in practice? To answer this question, a 

sensitivity analysis is conducted here with respect to 
the function !(!, !!,   !!,   !!).   As there is no explicit 
expression for this response function in the context of 
this design problem, the analysis will reply on the 
numerical evaluation of the function at points near the 
critical point of the optimal design. To optimize 
computational effort, the number of evaluation points 
will be limited. 

3. TAYLOR SERIES AND 2K AND 3K FACTORIAL 
DESIGNS 

3.1. First-Order Models 

The Taylor series provides a way to approximate the 
objective function near the critical point of the optimal 

design, utilizing the function values at and near this 
point, along with its derivatives at the critical point. It is 
first used here to determine the first- and second-order 
approximations of the objective function.  

Consider a real function ! !!,… , !! , where !! through 
!! represent its k independent variables. Assume that 
the function is at least twice differentiable. Its first-order 
approximation in a small neighborhood around a point 
p, with coordinates (!!",… , !!!), can be derived by 
keeping the first two terms of its Taylor series at p, as 
given below:  

! !!, . . . , !! = ! !!",… , !!! + !" !!",…,!!!
!!!

!
!!! (!! −

!!!) + !(ℎ!),            (2) 

where !" !!",…,!!!
!!!

  denotes the partial derivative of f with 
respect to !! at the point p, h represents the maximum 
value of |!! − !!"|, …, |!! − !!!|, and !(ℎ!) represents 
the higher-order terms neglected in Eq. (2), with an 
order of magnitude of ℎ!.  

To better understand Eq. (1) and its application to 
evaluate the effect of each independent variable, let’s 
consider a simple case, where f has only two 
independent variables, !! and !!. For this case, Eq. (2) 
becomes  

! !!, !! = ! !!", !!" + !" !!",!!"
!!!

(!! − !!") +
!" !!",!!"

!!!
(!! − !!") + !(ℎ!).          (3) 

According to the central difference method [30], which 
is one of the finite-difference methods to calculate the 
first derivatives numerically [30,31], the two partial 
derivatives in Eq. (3) can be expressed in terms of the 
function values at four points surrounding p. The four 
points chosen here have the coordinates (!!" +
ℎ!,   !!"), (!!" − ℎ!,   !!"), !!",   !!" + ℎ! , and (!!",   !!" −
ℎ!), where ℎ!  and ℎ! are positive values of the same 
order of magnitude as h (Figure 2). Accordingly,  

!" !!",!!"
!!!

= ! !!"!!!,!!" !! !!"!!!,!!"
!!!

+ !(ℎ!),        (4) 

 
Figure 1: Sketch of a supersonic airfoil. 
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!" !!",!!"
!!!

= ! !!",  !!"!!! !! !!",  !!"!!!
!!!

+ !(ℎ!).         (5) 

 
Figure 2: Five points where the function values need to be 
known to determine the first-order approximation of a two-
variable function around the point p, using Taylor expansion 
and central difference method.  

Substituting Eqs. (4) and (5) into Eq. (3) yields  

! !!, !! = ! !!", !!" + ! !!"!!!,!!" !! !!"!!!,!!"
!!!

!! −

!!" + ! !!",  !!"!!! !! !!",  !!"!!!
!!!

(!! − !!") + !(ℎ!).     (6) 

According to Eq. (6), once the function values at the 
four points (!!" + ℎ!,   !!"), (!!" − ℎ!,   !!"), !!",   !!" +
ℎ! , and (!!",   !!" − ℎ!) are known (Figure 2), the 
expression of ! !!, !!  is fully determined.  

Next, let’s consider the effects of the variations in !!" 
and !!" on the change in function value. Assume that 
due to, for instance, manufacturing errors, the values of 
!!" and !!" change to !! and !!, respectively. Let !"! 
and !"! denote their respective changes. Set 
!" !"!, !"!  to be the corresponding change in the 
function value. Then, 

!"! = !! − !!",            (7) 

!"! = !! − !!",            (8) 

!" !"!, !"! = ! !!, !! − ! !!", !!" .         (9) 

With the aid of Eqs. (7)-(9), it follows from Eq. (6) that 

!" !"!, !"! =
! !!"!!!,!!" !! !!"!!!,!!"

!!!
!"! +

! !!",  !!"!!! !! !!",  !!"!!!
!!!

!"! +   !(ℎ!).      (10) 

It can be observed from Eq. (10) that the first and 
second terms on the right-hand side of this equation 

are associated with the changes of the function value 
that are induced by !"! and !"!, respectively. If there 
is only a variation in !!", the induced change in the 
function value, denoted as !!!, is 

 !!! !"! = ! !!"!!!,!!" !! !!"!!!,!!"
!!!

!"!+ !(ℎ!).     (11) 

Similarly, if there is only a variation in !!", the induced 
change in the function value, denoted as !!!, is 

!!! !"! = ! !!",  !!"!!! !! !!",  !!"!!!
!!!

!"!+ !(ℎ!).     (12) 

When variations exist in both !!" and !!", Eq. (10) 
should be applied to estimate the change in the 
function value. If !!! !"!  is much larger than 
!!! !"! , then !"! has significantly greater influence 
on !" !"!, !"! . Conversely, if !!! !"!  is much 
smaller than !!! !"! , then !"! has the dominating 
effect on !" !"!, !"! .  

For the general case with k independent variables, 
following the same reasoning, the change in function 
value is related to the variations of the independent 
variables by: 

!" !"!,… , !"! =
! !!",…,!!!!!!,!!! !! !!",…,!!!!!!,!!!

!!!
!"!!

!!! +   !(ℎ!).     (13) 

As seen from this equation, the function values at 2k+1 
points, including the point p, must be known. 

Using the forward difference method [30], which is 
another finite-difference method to calculate the first 
derivatives numerically [30,31], the two partial 
derivatives in Eq. (3) can also be expressed in terms of 
the function values at two points around p, with the 
coordinates (!!" + ℎ!,   !!") and !!",   !!" + ℎ!  (Figure 
3). The corresponding expressions are: 

 
Figure 3: Three points where the function values need to be 
known to determine the first-order approximation of a two-
variable function around the point p, using Taylor expansion 
and the forward difference method.  
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!" !!",!!"
!!!

= ! !!"!!!,!!" !! !!",!!"
!!

+ !(ℎ),      (14) 

!" !!",!!"
!!!

= ! !!",  !!"!!! !! !!",  !!"
!!

+ !(ℎ).      (15) 

As shown in Eqs. (14) and (15), the use of the forward 
difference method to determine a partial derivative 
introduces an error of !(ℎ). Therefore, this method is 
less accurate than the central difference method in 
estimating the derivative. However, it can be shown 
that after Eqs. (14) and (15) are submitted into Eq. (2), 
the resulting equation still includes an error term of 
!(ℎ!), as given below: 

! !!, !! = ! !!", !!" + ! !!"!!!,!!" !! !!",!!"
!!

(!! −

!!") +
! !!",  !!"!!! !! !!",  !!"

!!
(!! − !!") + !(ℎ!).       (16) 

According to Eq. (16), once the function values at the 
three points (!!",   !!"), (!!" + ℎ!,   !!"), and !!",   !!" +
ℎ!  are known (Figure 3), the expression of ! !!, !!  is 
determined. For this case, as done when the partial 
derivatives are calculated using the central difference 
method,  

 !!! !"! = ! !!"!!!,!!" !! !!",!!"
!!

!"! + !(ℎ!),     (17) 

!!! !"! = ! !!",  !!!!!! !! !!",  !!"
!!

!"! + !(ℎ!).     (18) 

!" !"!, !"! =
! !!"!!!,!!" !! !!",!!"

!!
!"! +

! !!",  !!"!!! !! !!",  !!"
!!

!"! +
  !(ℎ!).              (19) 

For the general case with k independent variables, 
following the same reasoning, the change in function 
value is related to the variations in the independent 
variables by: 

!" !"!,… , !"! =
! !!",…,!!!!!!,!!! !! !!",…,!!!,!!!

!!
!"!!

!!! +   !(ℎ!).     (20) 

As observed from this equation, the function values at 
k+1 points, including the point p, should be known to 
determine !". 

Next, let’s determine the effects of !"! and !"! on 
!" !"!, !"!  using a 2k factor design, where 2 means 
that two levels of values (i.e., two different values) are 
considered for each independent variable in the design. 
Consider the simple case again. As the function has 
two independent variables, k=2. Since 22=4, the 
function values should be determined by experiments 
or simulation at four points in the design variable 
space. These points are: (!!", !!"), (!!"+!"!, !!"), (!!", 

!!"+!"!), and (!!"+!"! !!"+!"!) (Figure 4). The 
influence of !"! and !"! on !" is determined by 
comparing the corresponding main effects. The main 
effect is defined as the change in the function produced 
by a change in the level of an independent variable, 
averaged over the levels of the other variable(s). Let !! 
and !! denote the main effects of !! and !!, 
respectively. Then, 

!! =
! !!"!!"!,  !!" !! !!"!!"!,      !!"!!"! !! !!",      !!" !! !!",      !!"!!"!

!
,

           (21) 

!! =
! !!",  !!"!!"! !! !!"!!"!,      !!"!!"! !! !!",  !!" !! !!"!!"!,      !!"

!
.

           (22) 

 
Figure 4: Four points where the function values need to be 
known in order to estimate the main effects around the point 
p and to construct a first-order model using a 22 factorial 
design.  

They can be re-written as: 

!! =
[! !!"!!"!,  !!" !! !!",      !!" ]![! !!"!!"!,      !!"!!"! !! !!",      !!"!!"! ]

!
,           (23) 

!! =
! !!",  !!"!!"! !! !!",  !!" ![! !!"!!"!,      !!"!!"! !! !!"!!"!,      !!" ]

!
.           (24) 

According to the forward difference method, the items 
inside each pair of square brackets in Eqs. (23) and 
(24) are related to the corresponding partial derivatives 
as follows:  

! !!" + !"!,   !!" − ! !!",      !!" = !" !!",!!"
!!!

!"! +
!(!"!),          (25) 

! !!" + !"!,      !!" + !"! − ! !!",      !!" + !"! =
!" !!",      !!"!!"!

!!!
!"! + !(!"!),       (26) 
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! !!",   !!" + !"! − ! !!",   !!" = !" !!",!!"
!!!

!"! +
!(!"!),          (27) 

! !!" + !"!,   !!" + !"! − ! !!" + !"!,      !!" =
!" !!"!!"!,      !!"

!!!
!"! + !(!"!).       (28) 

In a 2k factor design, it is assumed that the function f 
depends linearly on its independent variables. This 
assumption implies that the partial derivative of f with 
respect to each independent variable is a constant. 
That is, it does not vary with the values of other 
variables. As such, 

!" !!",      !!"!!"!
!!!

= !" !!",      !!"
!!!

,   (29) 

!" !!"!!"!,      !!"
!!!

= !" !!",!!"
!!!

.   (30) 

Furthermore, the linearity assumption ensures that 
there is no error when using the forward or central 
difference method to estimate the derivatives. 
Therefore, in Eqs. (25)-(28), all error terms are zero. 
With the aid of Eqs. (25)-(30), it follows from Eqs. (23) 
and (24) that 

!! =
!" !!",!!"

!!!
!"!,        (31) 

!! =
!" !!",!!"

!!!
!"!.        (32) 

Comparing Eqs. (31) and (32) with Eq. (3), it becomes 
evident that !! and !! correspond to the second and 
third terms of Eq. (3). Accordingly, using !! and !! to 
determine the effect of each variable is effectively the 
same as applying the first-order Taylor approximation 
for this purpose. 

With the assistance of Eqs. (25) and (27), Eqs. (31) 
and (32) can also be written as 

!! = ! !!" + !"!,   !!" − ! !!",      !!" ,      (33) 

!! = ! !!",   !!" + !"! − ! !!",   !!" .      (34) 

These equations provide specific expressions of !! and 
!! in terms of the function values at three points. In 
other words, when the function values linearly depend 
on the two independent variables, respectively, only the 
function values at three points need to be determined, 
rather than four. With four points required in a 22 
factorial design, partial derivatives at two different 
points can be found, and their average is used as the 
value for the partial derivative in Eq. (31) or (32). This 
approach reduces the risk of inaccuracies caused by 
experimental errors at a single point when calculating 
the derivative.  

For the general case with k independent variables, 
following the same reasoning, the main effect of each 
independent variable is: 

!! = ! !!",…!!! + !"!,… ,   !!! − ! !!",…!!!,… ,   !!! .
           (35) 

As seen from this equation, the function values at k+1 
points, including the point p, should be known to 
determine all main effects.  

Furthermore, when the values of !"! and !"! differ 
from those tested in the experiments, Eqs. (33) and 
(34) cannot be used to accurately assess the effects of 
the new !"! and !"! on !". These equations can only 
be used to estimate the effects. To obtain a more 
accurate estimation of these effects, new tests should 
be conducted to determine the values of ! !!" +
!"!,   !!"  and ! !!",   !!" + !"!  for new !"! and !"!. 
These values are essential for calculating the 
corresponding !! and !! according to Eqs. (33) and 
(34). On the other hand, if Eqs. (11) and (12) are used 
to evaluate the effects, once the values of the function 
at the four points are determined, the effects of the new 
!"! and !"! on !" can be determined using Eqs. (11) 
and (12), without the need for additional tests.  

In the 2k factorial design, the first-order model with k 
independent variables has the following form [11,2]: 

! !!,… , !! = ! + !!!
!!! !! + !!"!

!!! !!!!!
!!! ,     (36) 

where !, !! and !!" represent the coefficients. These 
coefficients are determined using the pre-established 
experimental or numerical datapoints and regression 
techniques [11,2]. For the simple case considered 
above,  

! !!, !! = ! + !!!! + !!!! + !!"!!!!.      (37) 

A comparison of Eqs. (16) and (37) reveals that, 
although the first-order model in the factorial design 
includes a term involving !!!!, the first-order model 
derived from Taylor expansion does not involve such 
interaction terms. If the effect of !!!!  needs to be 
considered, it can be evaluated using a second-order 
model, which includes this interaction term. 
Additionally, the coefficients in Eq. (16) have well-
defined mathematical meanings. In contrast, the 
coefficients in Eq. (37) are determined by the best data 
fit using the least-squares principle, and their exact 
mathematical interpretations remain unclear.  

In summary, three key equations (i.e., Eqs. (13), (20), 
and (35)) have been derived to evaluate the effects of 
input parameters on the changes in function values, 
assuming that the function does not depend on the 
interactions between these parameters. All of these 
equations can be derived from the first-order Taylor 
approximation of the response function (i.e., Eq. (2)). 
However, they differed in the ways to calculate the 
partial derivatives numerically (as summarized in Table 
1). In practical applications, such as the optimal design 
of a supersonic airfoil, the response function is typically 
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non-linear, the first-order approximation often 
introduces significant errors. Specifically, the error term 
in Eq. (13), where the partial derivatives were 
computed using the central difference method, has an 
error order of h2, which is an order of magnitude lower 
than those of the other two approaches, for which the 
partial derivatives were calculated using the forward 
difference method. Therefore, Eq. (13) will be 
employed here for the sensitivity analysis of our optimal 
design problem.  

3.2. Second-order Models 

In case where the function value does not linearly 
depend on the input variables, a second-order model 
may be used to approximate the function. The second-
order approximation of ! !!,… , !!  in the neighborhood 
of the point p is derived by retaining the first three 
terms of its Taylor expansion at p, as given below:  

! !!, . . . , !! = ! !!",… , !!! + !" !!",…,!!!
!!!

!
!!! (!! −

!!!) + 0.5
!!! !!",… ,!!!

!!!!!!
!
!!! !!!!!

!!! + !(ℎ!),        (38) 

where  

!!! !!",… ,!!!
!!!!!!

= !!! !!",… ,!!!
!!!!!!

.       (39) 

In contrast to the first-order approximation, the second-
order approximation includes second-order partial 
derivatives of the function. The truncation error for the 
second-order approximation is of the order ℎ!. These 
second derivatives can be numerically calculated using 
finite-difference methods [30,31], as outlined below: 

 
!!! !!",… ,!!!

!!!!
=

! !!",…,  !!!!!!,…,!!" !! !!",…,  !!!!!!,…,!!" !!! !!",…,  !!!,…,!!!
!!
! +

!(ℎ!),          (40) 

!!! !!",… ,!!!
!!!!!!

=
! !!",…,  !!!!!!,… ,!!!!!!,…,!!" !! !!",…,  !!!!!!,… ,!!!!!!,…,!!!
!! !!",…,  !!!!!!,… ,!!!!!!,…,!!" !! !!",…,  !!!!!!,… ,!!!!!!,…,!!!

!!!!!
+

!(ℎ!),           (41) 

where both j and l range from 1 to k with the condition 
that ! ≠ !.  

As observed from Eqs. (40) and (41), the second 
partial derivative of the function with respect to the 
same variable is determined using the function values 
at p and two points surrounding p. In contrast, the 
second partial derivative with respect to two different 
variables is calculated using the function values at four 
points around p. To obtain this second-order 
approximation, the function values at 2k2+1 points, 
which include p, must be known.  

When the function has only two independent variables, 
it follows from Eqs. (38)-(41) that 

! !!, !! = ! !!", !!" + !" !!",!!"
!!!

!! − !!" +
!" !!",!!"

!!!
!! − !!" + 0.5[!

!! !!",!!"
!!!!

+ !!! !!",!!"
!!!!

+

2 !
!! !!",!!"
!!!!!!

] + !(ℎ!).        (42) 

Table 1: Comparison of Methods used for Deriving First- and Second-Order Models 

Model 

First-order Model 
Using Taylor 
Series and 

Central Difference 
Method 

First-order Model 
Using Taylor 
Series and 

Forward 
Difference Method 

First-order Model 
Using 2k Factorial 

Design 

Second-order Model 
Using Taylor Series, 

Central Difference and 
Finite-difference 

Methods 

Second-order 
Model Using 3k 

Factorial Design 

Methods to build 
model 

Tayler expansion, 
and central 

difference (for 
calculating first 

derivatives) 

Tayler expansion, 
and forward 

difference (for 
calculating first 

derivatives) 

2k Factorial design, 
and first-order 

regression method 
(for finding 

coefficients) 

Tayler expansion, central 
difference (for calculating 

first derivatives), and 
finite-difference (for 
calculating second 

derivatives) 

3k Factorial design, 
and second-order 
regression method 

(for finding 
coefficients) 

No. of datapoints 
needed 2k+1 k+1 2k 2k2+1 3k 

Equations used to 
estimate the variable 

effects or the 
behavior of the 

function. 

Eq. (13) Eq. (20) Eq. (35) Eq. (38) Eq. (46) 

Degree of errors 
O(h2) for 

calculating first 
derivatives. 

O(h) for calculating 
first derivatives. 

O(h) for calculating 
main effects. 

O(h2) for calculating first 
and second derivatives. N/A 
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where 

!!! !!",!!"
!!!!

= ! !!"!!!,  !!" !! !!"!!!,      !!" !!! !!",  !!"
!!!

+
!(ℎ!),          (43) 

!!! !!",!!"
!!!!

= ! !!",      !!"!!! !! !!",  !!"!!! !!! !!",  !!"
!!!

+
!(ℎ!),          (44) 

!!! !!",!!"
!!!!!!

=
! !!"!!!,  !!"!!! !! !!"!!!,      !!"!!! !! !!"!!!,      !!"!!! !! !!"!!!,    !!"!!!

!!!!!
+ !(ℎ!). 

            (45) 

For this case, where k=2, to determine the expression 
of f using Eq. (42), the function values should be known 
at nine points (Figure 5). The function values at five of 
these points are used to specify the first three terms of 
Eq. (42). The function values at the additional four 
points are employed to determine the remaining terms, 
which correspond to the extra terms present in the 
second-order model compared to the first-order model 
(Figure 5).  

 
Figure 5: Nine points where the function values need to be 
known to determine the second-order approximation of a two-
variable function around the point p using Taylor expansion. 
The five solid dots represent the points for the first-order 
approximation, and the four hollow dots denote the additional 
points needed for the second-order approximation.  

The second-order model in factorial design is a 
second-order regression model with the following 
format [11,2]: 

! !!,… , !! =
! + !!!

!!! !! + !!!!
!!! !!! + !!"!

!!! !!!!!
!!! .      (46) 

This model includes 0.5!! + 1.5! + 1coefficients, which 
are determined using regression techniques based on 
experimental or simulated datapoints. In the 3k factorial 
design, the function values should be known at 3k 

points, whereas for the second-order Taylor 
approximation, the function values should be known at 
2k2+1 points (Table 1). In the case where the function 
has only two independent variables, the function values 
need to be known at nine points to perform the factorial 
design. These nine points should be evenly distributed 
in the design variable space. For the simple case, the 
nine points shown in Figure 5 can be chosen to 
determine the coefficients in the second-order model of 
the factorial design.  

In this study, since the second-order model, developed 
using Taylor expansion, has an explicit expression, its 
theoretical relationship Eq. (38), along with Eqs. (40) 
and (41), will be used to approximate the response 
function around the critical point in our optimal design 
problem.  

4. RESULTS AND DISCUSSIONS 

4.1. Effect of Each Design Variable 

For the optimization problem considered in [25], the set 
of optimal design variables is: !=9.82o, tu=0.024, 
!!=0.667, and !! =0.500. The value of the response 
function !(!, !!, !!, !!) is 3.312. Use the design 
variables as the coordinates for a point in the design 
space. The critical point for the optimal design has the 
coordinates (9.82o, 0.024, 0.667, 0.500). To analyze 
the effect of variations in each variable, the first-order 
Taylor approximation in Eq. (13) is employed. Eight 
points around the critical one are chosen to determine 
the first derivatives. For each design variable, two 
points are selected where the coordinate for that 
variable is varied by ±1% of its optimal value, while 
keeping the other coordinates fixed at their optimal 
values. For example, for !, the two points 
corresponding to this variable are (9.9182o, 0.024, 
0.667, 0.500) and (9.7218o, 0.024, 0.667, 0.500), 
where 9.9182o and 9.7218o represent 1% and -1% 
differences from the optimal value of 9.82o, 
respectively. After calculating the first derivatives, it 
follows from Eq. (13) that 

!" ≈ −0.063 ! − 9.82 + 12.653 !! − 0.024 −
0.071 !! − 0.667 + 0.895 !! − 0.500 ,       (48) 

where the coefficients of the variations are from the first 
derivatives.  

Figure 6 presents the results when only one design 
variable varies while the other variables remain 
constant. The variations for each variable range from -
5% to 5% of the optimal value of the variable. Two 
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points are observed from this figure. First, for the same 
percentage of variation, the influence on !" decreases 
in the following order: !", !!!, !!!, and !!!. The values 
of |!"| induced by the first three variations are an order 
of magnitude higher than that caused by !!!. For 
instance, when all variations are 1%, the corresponding 
values of !" are -0.0062, 0.0045, 0.0030, and -0.0005, 
respectively. This suggests that the influence of !!! is 
negligible if all design variables are varied by the same 
degree. Second, small variations in the design 
variables from their optimal values result in only minor 
changes to the response function. For example, when 
!" is -5% or 5%, !"  becomes 0.0307 and -0.0307, 
respectively, which are approximately 0.9% and -0.9% 
of the optimal value of f, which is 3.312. This indicates 
that the optimal design is robust. The only concern is 
whether the variation of a variable causes the set of 
design variables to fall out of the feasible design space, 
where all six constraints are satisfied. This issue will be 
addressed in Sec. 4.3. 

In [25], the airfoil shape was approximated using a 
third-order polynomial function, which depends on !!, 
!!, and !!. Although the aerodynamic performance of 
the airfoil is influenced by !, the shape itself is 
independent of !. Figure 7 shows the airfoil shapes 
when !!, !!, and !! are varied by 5% from their 
respective optimal values. These shapes are 
determined using the polynomial function from [25], by 
substituting the corresponding values of !!, !!, and !! 
into this function. As seen in Figure 7, the varied 
shapes are nearly identical to the optimal design, 
confirming that the small changes in the variables 
result in minimal alterations to the airfoil shape.  

4.2. Behavior of the Response Function Around the 
Critical Point  

The behavior of the response function around the 
critical point is further analyzed using the second-order 
Taylor approximation in Eq. (38). To determine the first 
and second derivatives in this equation, 24=32 points 
surrounding the critical point are selected. As with the 
first-order approximation, for a point related to a 
specific variable, its coordinate corresponding to that 
variable is varied by ±1% of the optimal value of that 
variable. After calculating the derivatives using the 
numerically obtained function values at these points, 
the response function can be approximated using Eq. 
(38) as: 

! !, !!, !!, !! ≈ 3.312 − 0.063 ! − 9.82 + 12.653 !! −
0.024 − 0.071 !! − 0.067 +0.895(!! −0.5)+0.5[−1.140 ! −
9.82 ! − 189754 !! − 0.024 ! − 250 !! − 0.067 ! −
466 !! − 0.5 ! −4.401 ! − 9.82 !! − 0.024 +0.072 ! −
9.82 !! − 0.067 − 0.544 ! − 9.82 (!! − 0.5) − 26 !! −
0.024 !! − 0.067 -42 !! − 0.024 !! − 0.5 − 0.328 !! −
0.067 (!! − 0.5)].           (49) 

Figure 8 shows the relationships of the response 
function with the variations of the four design variables, 
respectively. More information can be observed from 
these non-linear relationships. For example, when the 
variation of each design variable exceeds 1% or falls 
below -1%, the new function value becomes lower than 
the designed value, with the difference increasing as 
the magnitude of the variation grows. Additionally, it is 
clear from this figure that !", !!!, and !!! have a much 
greater impact on !" compared to !!!. However, slight 
changes in each variable still lead to only minor 
changes in the function value. When the variations of 

 
Figure 6: First-order relationships of !" with  !", !!!, !!!, and !!!, respectively. The curve for each relationship is marked with 
the corresponding variation.  
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the design variables range -5% to 5%, the largest 
change in the function value is -0.1682, which occurs 
when ! varies by 5%, as marked in Figure 8. It is -5.1% 
of the function’s optimal value. This result indicates that 
small variations in the four design variables leads to 
only minor changes in the function value, which is 
consistent with the findings from the first-order model. 

The response function depends on four variables. 
However, as its graph can only be plotted in a 3D 
space at most, we focus on visualizing the relationship 
between the response function and the two most 
influential variables, ! and !!. By setting the terms 
related to the other two variables to zero, it follows from 
Eq. (49) that 

! !, !!, !!, !! ≈ 3.312 − 0.063 ! −
9.82 +0.895(!! −0.5)+0.5[−1.140 ! − 9.82 ! −
466 !! − 0.5 ! − 0.544 ! − 9.82 !! − 0.5 ].     (50) 

Figure 9 presents the graph of the response function as 
! varies from 9.4o to 10.2o and !! changes from 0.46 to 
0.54. As observed from this figure, the optimal 
datapoint, where !=9.82o, !!=0.5 and f=3.312, lies near 
the peak of the response surface, which reaches a 
height of 3.314. This observation has three important 
implications: (i) the maximum value of the response 
function obtained is not a local maximum for the entire 
design space, (ii) it represents the maximum value 
within the feasible design space that satisfies the six 
constraints, and (iii) the critical point for the optimal 

 

 

 
Figure 7: Comparison of the airfoil shapes for 5% changes of (a)  !!, (b) !!, and (c) !!, respectively (not to scale). The optimally 
designed shape is plotted with solid lines, while the varied shapes with dotted lines.  
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design is positioned at the boundary between feasible 
and infeasible design regions. 

 
Figure 9: Relationship of the response function with ! and !! 
around the critical point. The mark “X” denotes the location of 
the optimal design. 

4.3. Feasible Design Space Around the Critical 
Point  

In practice, when design variables vary, it is crucial to 
determine whether the altered design variables still 
belong to the feasible design space. To do this, the 
mathematical expression of the feasible design space 
around the critical point is needed. However, since this 
expression is unknown in our case, we can instead rely 
on numerical data to approximate it. One approach is 
to plot the numerical data to visualize the region they 
occupy. If a design point lies within this region, it is 
considered feasible. 

Since there are four design variables in our case, their 
feasible design region is four- dimensional and cannot 
be directly plotted in a 3D pace. To address this, we 
propose an alternative method. After obtaining a set of 
feasible design points around the critical point using an 
exhaustive search method [25,27], we plot the values 
of two design variables at a time in a 2D rectangular 
coordinate system. This approach results in six 2D 
plots, representing the six combinations of design 
variables (Figure 10). Whether a design point belongs 
to the feasible design space is then determined by 
examining if it lies within the region covered by feasible 
points on each of the plots. 

Let’s consider two cases. In the first case, ! decreases 
by 1% from its optimal value of 9.82o, and !! decreased 
by 4% from its optimal value of 0.5. The corresponding 
design point, p1, has the values !=9.70o, !!=0.024, 
!!=0.667, and !! =0.48. The six combinations of two 
variables are: (9.70o, 0.024), (9.70o, 0.667), (9.70o, 
0.48), (0.024, 0.667), (0.024, 0.48), and (0.667, 0.48), 
which are plotted on the six 2D coordinate systems in 
Figure 10. As p1 lies within the region covered by 
feasible points in each graph, this design is feasible.  

In the second case, ! still decreases by 1%, but !! 
decreases by 4%, resulting in a design point p2, with 
!=9.70o, !!=0.024, !!=0.667, and !! =0.52. The six 
combinations are: (9.70o, 0.024), (9.70o, 0.667), (9.70o, 
0.52), (0.024, 0.667), (0.024, 0.52), and (0.667, 0.52). 
As seen from Figure 10, p2 is located out of three 
feasible design regions (Figures 10c, 10e, and 10f). 
Therefore, p2 is not a feasible design point, which 
suggests that small variations in the design variables 
may lead to an infeasible design. In this case, the lift 
coefficient is calculated to be 0.299, which is below the 

 
Figure 8: Second-order relationships of !" with  !", !!!, !!!, and !!!, respectively. The curve for each relationship is marked 
with the corresponding variation. The mark “X” denotes the location where !" has the largest change in terms of magnitude.  
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minimum required value of 0.3. As a result, the aircraft 
generates less upward force, making it challenging to 
maintain altitude. 

5. SUMMARY AND CONCLUSIONS 

In this work, sensitivity analysis was performed by 
obtaining the first- and second-order approximations of 
a function using Taylor expansion and finite-difference 
methods. It was demonstrated that the commonly used 
factorial design for sensitivity analysis could be 
explained through these approximations. Using these 
first- and second-order models, the effects of small 
variations in the four design variables on the response 
function were compared. As all these effects were 
found to be small, the performance of the optimally 

designed airfoil would not be significantly impacted by 
minor errors in the design values, such as those that 
might arise from manufacturing processes. However, it 
was also found that certain variations could render the 
design infeasible. Acceptable variations were identified 
by plotting the feasible design space and verifying 
whether the resulting design points fall within it. 

The sensitivity analysis strategy developed here can be 
applied to similar engineering design problems. This 
approach is particularly valuable when the explicit form 
of the response function is unknown, as it does not 
depend on an explicit expression and only requires a 
limited number of data points, which can be obtained 
through experiments or simulations. This makes it 
especially useful for problems like those mentioned in 

 

 

 
Figure 10: The feasible regions for the combinations of (a) ! and tu, (b) ! and xu, (c) ! and xl, (d) tu and xu, (e) tu and xl, and (f) 
xu and xl. The feasible region refers to the area covered by the circular dots. The mark “X” denotes the location of p1, and “o” the 
location of p2. The two marks coincide in (a), (b) and (d). 
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Section 1, such as the design of aerodynamic off-takes 
[3-6] and ducts [6]. In the future, the method presented 
in this study will be applied to 3D aircraft geometry 
design, integrated with advanced computational fluid 
dynamics analysis. 
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